


































































































































































































































gcv




























gcv
















gcv




gcv



























































































































































































































































UNIT I : ASSOCIATION OF ATTRIBUTES

Association of Aunbutes - Coefficient of Association - Consistency - Time Senies - Definition -
Components Of Tune Series - Seasonal and cyclic vanations,

THEORY OF ATTRIBUTES
Attributes:

The qualitative charscienstics of a population are called attributes and they cannot be
meéasuned by numenc quantities. Hence the statistical treatment reguired for attnbutes is different
from that of quantitative charactenstic.

Suppose the population is divided into iwo classes secording (0 the presence or ahsence
of a zingle auribute. The positive class denotes the presence of the attributes and the negative
class denotes the shsence of the atinbute. Capital Roman letter such as AB.C.D. .. are used 1o
denote positive Greek letters such as @, f.y,8 .. ... are used 10 denote negative classes,

For example If A represents the attribute richoess then a represents the attribute non-
richness (poor).

A closs represented by n attnibutes is called a class of n™ onder,
Fﬂ'l' I.EI'-'IIMFIE-

ABC, a f.y.8 are all of first order, AB, AP, aB, aff are of second order, and ABC,
ARy ABC, affy are of the third order.

The number of individuals possessing the ativibutes in a class of n™ order is called a class
frequency ol arder ‘n' and closs frequencies are denoted by bracketing the anributes.

Thus (A) stands for the frequency of A the number of individuals possessing the antribute
A and (Af) stands for the number of individuals possessing of the atiributes A and not B.



Node:
1. Class frequencies of the type (A), (AB), (ABC) are known us positive

closs Irequencies,

2, Closs frequencies ol the type (a), (B).(af). (affy) ....are known as
negative class Irequencies.

3. Class frequencies of the type (aft), (Af), (ABy). (afiC) ... are known as
contrary frequencies.

4.  The classes of highest order are called the wltimale classes and their
frequencies are called the ulimate class frequencies,

Exmmples:

1. AB = (ABC) + (ABy)
Consider, (ABy) = ABy. N

=AB(I-C).N

=AB.N - ABCN

={AR) - (BC)

W (AB) = (ABC) % (ABy)
2, I there are two attriblites A and B we have,
N = (A)+ (a) = (B) +(f)

Hence N = (A) + (a)
N = (AB) + (Af) + (aB) + (aff)

And N = (B) +(8) = (AB) + (aB) + (Af) + (aff)
If there are three attributes A,B.C we have N = (A) + (a)
We have N = (A)+ (a)
= N = (AB) + (Af) +{ aff) + (af)
Thus,
N = (ABC) + (ABy) + ABC) + (Afly) + (aBC) + (aBy) + (afC) + (afly)

3 Consider two atiributes A and B
Now, (aff) = aff. N



= (A} (1-B)LN

= (1-A-B+ AB). N

= N-AN- BN+ AHRN

= N-(A] - (B) + (AB)
4. (AB)= AB.N

=(l.y) (1 - BLN
=(l-a—-F+ aff}.N
=N-a.N=p.N+ af.N

= N-(a) - (B) + (aff)

5. lafy)= afy.N=(1-A)1=B)1- C€).N =N-AN-BN-CN+
ABN + ACN + BCN - ABCN
= N-(A) = (B) <) + (AB) +{AC) «(BC) - (ABC)
6. N=(A) +B) + (C} - (AB) - (BC) = (AC) + (ABC) + (afy)

Problem :
Given (A) = 30, (B) = 25, (a) = 30 (af) = 20,
Find 1) (N) (i) B) (i) (AB) (V) (AB) (V) (aB)
Solution:

i) N =(A) +{a) =30+ 30 =60
i) =N-=(B) = 60 - 25 =35
i} (AB) = AB.N

=(l-a) (1 -} N

= N-(a) = (#) + (afi)
= f)-30-354-20

=15

iv.(Af) = AN = A(1 - B).N
=1A) = (AB)
= 0-15
= 13



v.laB)=aB.N = (1 -A)B.N
= (H-(AH)
=28-15
=10

Problem :

Given the following ultimate c¢lass frequencies of two atiributes A and B, Find the
frequencies of positive and negative class frequencies anid the ol number of observations,

(AB) = 975, (aB) = 100,(Af) = 25, (aff) = 950.

Posative ¢luss frequencies are (A) and (B)

(A) = (AB)+ (Af) =975 4 25 = 1000
(B) = (AB)+(aB) =975+ 100 = 1075

Negative class frequencies are (o) and ()

(@) = (aB)+ (aff) = 100 + 950 = 1050
(f) = (AF) + (aff) = 235 + 950 = 975

N=(A)+ (@) =(B) + (f)

Taking,

N = (A)+ (a) = 1000 + 1050 = 2050

Froblem :

Ciiven the following positive class frequencies find the remaining class frequencies N =
W (A)=9,(B) = 12,(C) = 8, (AB) = 6, (BC= 4); (CA) = 4, (CA) = 4, (ABC) = 3

Solution:
There uire three altnbutes A B.C,



s 8
2 The total number of class frequencies is 3'=27,

We are given only B class frequencies and we have 1o find the remaining 19 class
frequencies, They ae

Order 1:
)= N-(A)= 20~-9=11
() = N(B) = 20-12=8
(Y)=N-(0)= 20-8=12
Order 2:
(Af) = A(1 - BLN
=(A) = (H)
= 0.6 3
(@B) =(1-A)B.N
= (H) - (AB)
=|246=0
(Ay) = A(1=C).N
= (A) = (AC])
= 0.4
=3
(aC) = (1 —=A)C.N
=(C) - (AC)
= 8-d=4
(Hy) = B{1 = C)N
= (B) - (BC)
=124=8



(fC) = (1=B)C.N
= (C) - (BO)
= fdeed

(@f) = (1-A)1~B).N=N-—(A)- (B) + (AB)
= 20.9-12+ 65

fy) =(1-8)1-C)N
=N = (B) = (C) + (BC)
= 20-12-8+4
=4

{ay) =(1-A)(1-C).N
= N- (A) = (€} + (AC)

= 2-9-8+4
=7
Ovrder 3
(Afly) = AB(1 = C).N
= (AB) - (ABC)
= 6323

(ABC) = A(1 - B)C.N
= {AC) - (ABC)
=43
(ABy) =A(1-B)(1-C).N
= (A) = (AC) - (AB) + {ABC)
=04.6+3=2



(@BC) = (1 — A)BC.N
={BC) -~ (ABC)
= 43=|

(@By) = (1= A)(1=C).B.N
= (B - (BC)- (AB) + (ABC)
=12-4-6+3
=3

(@fC) = (1 -AX1-B)C.N
=(C) - (AC) - (BC) + (ABC)
= R-4-4+3=3

(efy) =(1-A4)1-C)LN
= N-(A)«(B) = (C) + (AB) + (BC) + (CA) ~ (ABC)
= HL0. 1 2-Rethedsd 3 =2

Problem :

In a class text in which 135 candidates were examuned for proficiency in English and
Maths, It was discovered that 75 students failed in English, 90 failed in Maths and 50 failed in
both. Find how many cundidaies i) have passed in Maths 1) have pussed in English; failed in
Maths 5ii) huve passed in both,

Solution:
Let A denote pass in English and B denote pass in Maths |
» (@) denotes fail in English and (8) denotes fail in Maths,
Given (x)=75; (f) = 90; (aff) = 50; N = 135



We have to find (i) (B) (i) (AB) (iti)(AB)
i) (Bl = N-(8)
= 135-90
= 45
i) Consider, (f) = (Af)+ (aff)
= {Af) = (f) - (aff)
= 90 - 50
= 40
i) (AB) = (l-@)( 1= B).N
=N-(a) - () + (af)
= 135-75-90 + 50
=20

Given N = 1200; (ABC) = 6lX); (afly) = 50: (y) = 270;
(AR) = 36; (By) = 204; (A) = (y) = 192;(B) - (f) = 620,
Find the remaining ultimate class frequencies .
Solution:

Since there are 3 attributes there are 2'=8 Ultimate class frequencies we are
given two.

Hence we huve find the remaining six
They are (i} (ABy) (UMAFLC)

(146 (aBC) (iv)(ABy) (v)(aBy)and (vi)(afC)
Ta find the frequencies of positive clisses; (A), (BY, (C): (AB). (BC). (AC).
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First order (A) - (&) = 192
(A) + (a) = 1200(= N)

Adding.

2(A)=1200+192

AA)=1392

(A)=696

(B) - (£} =620
(B)- () = 620 (=N)

Hence (B) =210
Now, (C) = N- (¥)
= 1200 - 270
= 930,
Second order:
(AB) = (A) - (AB) = 696 — 36
= G0
(BC) = (B) ~ (By} =910 - 204
= TG
We have. N= (A) + (B) + (C) = (AB) = (BC) = (AC) + (ABC) + (afy)
(AC) = (A) + (B) + (C) = (AB) = (BC) + (ABC) + (afiy)

= 696 + 910 + 930 - 660) = TO6 + 600 + 30= 620



i. (ABy)=AB(1—C).N
= (ABR) - (ABC)
= 6640 — 600
= fl)

ii. (AFC) = AC(1 - B).N

= (AC) - (ABC)

= 620 - 600
=20
iii.(@BC) = (1= A)BC.N

= (BC}) - (ABC)
= 706 — 600
= 106
iv.(Afy) = A(1 - B)(1 - C).N
= (A) - (AB] - (AC) + (ABC)
= 696 — 660 — 20 + (M)
=16

v. (aBy) = (1-A) (1 = O)BN
= (B) - (AB) - (BC} + (ABC)
= 910 - 660 — T06+ 600
= 144,

vi.(@fiC) = (1 —A)(1 - B)C. N
=(C)- (AC} - (BC) + (ABC)
= 930 — 620 - T06 + 600 = 204



Given that (A) = (a) = (B) = () = N/2
Show that i) (AB) il) (@) (ID(AF) = (aB)
Solution:

.. (ABj=ABN
=(1-@) (1 =F). N
= N- (@) — (B) + (af)
= N-N2-N2 +(af)

(AB)  =(aff)

i (AS) =ARN
=(l-a) (1= B)LN
= N=-(a) - (B) + (AB)
m N=N2-N2+{aB)

(Af) ={aB)

Of 500 men in a locality exposed 1o cholera 172 in' all were anacked, 178
were inoculated and of these 128 were altacked. Find the number of persons.

1) nat inoculated nol sttacked
i) inoculsted not attacked

iii) not inoculated attacked



Denote the attribute A oy attacked and the stiribute B sx inoculsted.
Hence @ denote “NOT ATTACKED™; § DENOTES "NOT INOCULATED”.
Given, No 500; (A) = 172, (B) = 178 (AB) = 128
Tofind () (aff) (i)(aB) (H)(AR)
i. (afi} = af.N
=(1-A) (1-BLN
= N-(A) ~(B) + (AB)
=500 -172-178 + 128
=21
L {aB) = aB.N=(1-A)B.N
= (B} - (AB)
=178-128 = 50
iii). (Af) = AB.N = A(1-B).N
= (A)-(AB)
=172-128=44
Problem:

There were 200 students s a college whose results in the first semester, second semester  and the
third semester are as follows: 80 passed in the first semester; 75 passes in the second semester.
U6 passed in the third semester 25 passed in all the three semesier 46 failed in all the three
semester 29 passed in the first two and falled in the third semester 42 failed in the first two



semester but passed in the third semester. Find how many  students  passed in  astleast wo
SCMESIETS

Solution:

Denoting “puss i first semester”’ as A’ Pass in second semester *B' and pass in the thid
semester as 'C we get.

N = 20k (A) = B0, (B) = 75 : (C) = Y6
(ABC) = 25, (afy) = 46; (ABy) = 29; (afC) = 42
We have (o find (ABy) + (@BC) + (ARC) + (ABC)
Consider, (C) = (AC) + (aC)

= (ABC) + (AJC) + (aBC) + (afiC)
“ (ABC) + (aBC) + (ABC) = (€) ~ (afiC)

=96 -4 =54

(ABC) + (aBC) + (ABC) + (ABy) = 54 +29 = B3

Thus the number of students who passed in atleast two semester is 83,

Given (ABC) = 149 (ABy) = 738; (ABC) = 225; (Afy) = 1108 fnBY =

204; (aBy) = 1762; (afC) = 171;(afly) =
21842. find (A), (8),(C),(AB), (AC), (BC)and N. 97 /192

Solution:
N = (ABC) + (ABy) + (ABC) + (ABy) + (aBC) + (aBy) + (afiC) + (afy)
=149 + TR + 225+ 1196+ 24 + 1762 + 171 + 21842,

= 26287




!
(Al = (ABC) + (ABy) + (ABC) + (Afly) = 149 4 738 + 225 + 1196
= 2308
(Bl = (ABC)+ (ABy) + (aBC) 4 (ally) = 149 4 738 4+ 204 + 1762
= 2853
) =749
(AB) = (ABC) + (ABy) = 149 4 738 = 887
(ACT) = (ABC) + (ABC) = 149 4+ 225 = 374
(BC) = (ABC) + (@BC) = 353

Problem :

In a very hotly fought battle 70% of the solders ot leaxt lost an eye 75% ot least loal an
car 80% ot lenst an arm and 85% a1 least bost a leg. How many at least must have lost all the
four?

Solution:

Denoting “loosing an eye” A, “loosing & ear by B” “loosing an arm by C* and
“loosing a leg by 1"

We have
N= 1N, (A) 2 70, (R) = 75,(C) = 80, (D) = 85,

To find the least value of ABCD
(ABCLDY) 2 (A) + (8) 4+ (C) + (D) - 3N
270+ 75+ 80+ 85 - 300
= 10
(ABCD) 2 10

Al least 1% of the saldiers los all the four,




Problem :

A company producers tube lights and conducts a test on 300 lighiy for production
defects of frames (F): chokes (C); staners (8) and tubes (T). The following are the records of
defects,

(F1 = 136, (C)=120, (8) = 115, (T) = B

{FC) = 100, (C8) = 130, (8T) =75, (FT) = 60

(CT) = 54, (FS) = 37, (FCS) = 90, (CST) = &S

(FST) = 112, (FCT) = 108, (FCST) = §,

Find the percentage of the tube lights which pass all the four tests.
Solution:

Number of tube lights passang the four tests

= (1-F) (1-C) (1-5) (1-T) N

= [1{F+C+85+T) + (FCACS48THFT4CT+F8) = (FCSOST+STFFCT) +
FCSTIN

= NA{(FYHCIHSI(T)]+ [(FCIHCS}HST) + (FT)(CT)+(F8) ] -
[{FCS(FCT)H{FST)I(CST)) + (FCST)

= SO0 (1300 2001 15486) -+ {1004+ 130 + 75460+ 54+ 37)-(90+ 1 08+ 1 | 2+8S)
+3

= SINN-451+456- 395+ 5
= §461-B46=4615
Ot of 5000 tube lights 4615 pass the lour tests for defects.

Percentage of tube lights which puss the four tests



=E—E *® 100 =92.3%

Exercises:

I.Given the frequencies (A) = 1150, (a) = 1120, (AF) = 1075 (af) =
985, Find remaining class frequencies and total number of obsérvations,

2. Given the following ultimate clags [requencies find the frequencies of the
pasitive and negative classes and the total number of observations.

(AB) = 733, (AF) = BAD, (aB) = 69Y; (afi) = 783,

3. A survey reveals that out of 1000 people in locality 800 like coffee, T00 like wea,
660 like both coffee and tea. Find how many people like neither coffee nor tea.

4. An exumination result shows the following data, S6% al least failed in pan |
Tamil, 76% at least fadled in past [ English 82% at least failed in major - chemstry
and 88% at least failed ancillary maths. How many at least failed in all the four?

5. In p university examination %5% of the candidates passed panl, 0% passed in

part I, 65% passed pant HE Find how many at least should have passed the whole
examination,

Consistency ol duin:
Definition:

A set of class freguencies is suid to the consistent if none of them is negative otherwise the given
set of class frequencies 1s said to be inconsistent,

We have the following set of criteris for testing the consistency in the cnse of single attributes
and three attributes,



RS

Attributes | Condition Equivalent positive Number

consistency class condition of
conditio
n&
A (A)zh (A=l

(ajzl (A)=N(Since (a@)=A{1- 2

AINZD)

AR (AB)20 (AB)20

(Ag)120 (ABI<A
(aByz0 (AB)<B 22

(xfi}20 (AB)=(A)HB)-N
AB.C (ABC)I=0 1) tABC)=0

LABy)20 i) (ABC)=(ARB)
(ABCI20 i) (ABC)=(AC)
(aBC )20 ) (aBC) S(BC)
(AfYIZ0 | vIABC) ZIAB)+(AC)

(A) 2!
@By)20 | vil(ABCIZ(AB)HBO)-

(B)
(@fC)20 | Vi(ABC)Z(AC)+(BC).

(©)

(fyizt | vinABC)s(AB)+(BC)
HACHAMCIHN)

Note:
In the case of 3 attributes conditions

(i) and (Vili)
= (AB) «(BC) «(AC) = (A) + (B) + (L) =N ... [ix)



Similarly,

(i1) and (vi1)

= (AC) {BC) = (ABIS () oo v worsonmms soe sme s wrvcsss s (XD
(isi) and (vi)

{AB)JHBC)(AC) SUB) ..o e Axi)
w) and (v)

= {AB) AC) = (BC) (A)...coovoiinin (xil)

conditions (ix) 1o (xii) can be used to ¢check the consistency of data when the class of
first and second order alome are known,

Problem :

Find whether the following duta are consistent. N= 600: (A) = 300:(B) = 400;
(AB}=50.

Solution:
We calculate the ultimate class frequency (af), (B Yand (Af)
(af)= ag. N=(1-A)(1-B)LN
= N-A) <(B) +(AB)
= 0 - 4(N) + 50
= -50

Since (afi) < 0, the data are inconsistent,



Show that there is some error in the following daty: S0% of people are
wealthy and healthy 35% are wealthy but pot bealthy 20% are healihy but not wealthy.

Solution:
Takmg “wealth™ as A und "health as “B™ we get the following daia
N= 106, (AB] =50 (Afl) = 35, (@B)=20
To check the consistency of data we find (aff)
(aff) = af.N = (1 - A)(1 - B).N
=N4A) - (B) + (AB)
But (A) = (AB) «(Af)
= 50+ 35=H5
(81 = (AB) + (aB)
= §0+20
=T0
(af) = 100 — 85 — 70 + 50
=.5
(afly<0

Hence there is ermor in the dmo.



-

Problem :

Of 2000 people consulted 1854 speak Tamil; 1507 speak Hindi; 572 Speak English;
(76 speak Tamil and Hindi; 286 speak Hindi and English; 114 speak Tamil; Hindi and English.
Show that the information as it stands is incorrect.

Solution:
Let A B.C denote the attrribution of speaking Tamil, Hindi, Enslish respectively.
Given, N= 2NN, (A] = IB54, (B) = 1507 (C) =572,
(AB}= 676; (AC)= 286, (BC) = 270, (ABC)=114
Consider (affy) = affy.N
={1-A) (1-B) (}-C)N
=N = {A) - (B) «C) + (AB) HBC) +(AC) - (ABC)
=2000 — 1854 - 1507 - 572 +676+ 270+ 286 - 114
=- 815
“(efly) <0,
Hence the data are inconsistent.
+The information is iBcorrect.
Problem :
Find the limits of (BC) for the following available data.
N = 125, (A) = 48, (B) = 62, (C] =45

(Af) = 7 and (Ay) = 18



Solution
To fmd (AB) and (AC)
(AB) = (A) - (Af)
=487 = 41
(AC) = (A) - (Ay)
=48:18 =30
Now., by condition of consistency (ix)
(AB) + (BC) +AC) 2 (A) + (B) + (C) ~ N
4IHBC) +30 =48+ 62 + 45— 125
{BC) = =41 iiiiinican i ()
Also using (xii)
(AB) +AC)-(BC)= (A)
w(BC) 2 (AB) + (AC) = (A)
= 41+30-48= 23
(BC) 2 23 i v oo e cis wensin (1)
Using (xi), (AB) + (BC) - (AC) < (B)
={BC) < (B) + (AC)— (AB)
= fH2+ 341
=51

SBCY S B it v i s iz ()



e

Using (x). (AC) + (BC) - (AB) < ()
=(BO) = (C) + (AB) — (AC)
=45+41-30
=56
MBCYE 86 st b sV
From (i}, (i), (ii) and (iv) we get
23< (BC) = 56

Problem :

Find the greatest and least value of (ABC) if (A)=50, (B)=60, (C)= 80, (AB) = 35, (AC)= 45 and
(BC)=42

Solution:

The problem involves 3 attnibutes and we are given positive class frequencies of first
order and second order only.

Using positive class condiions (1), (i), (iv) of consistency for 3 nitribulers
(ABC) = (AB) = (ABC) =35
(ABC) = (BC) = (ABC) <42
(ABC) = (AC) = (ABC) =45
=2 (ABC) < 45... 0 i (i)
Using (v) (vi) and (vii)
(ABC) = (AB) + (AC) — (A)

= (ABC) =35+45—50 =130




(ABC) = (AB) + (BC) — (B)
= (ABC) = 35 +42 - 60 = 17
(ABC) = (AC) + (BC) — (L)
= (AB() 245+ 42-80=7
Thus (ABC} = 30
(ABC) 2 17
(ABC) 2 7
= (ABC) = 30.... ... 0 0o (2)
From (1) and (2) we get 30< (ABC) < 35
“The least value of (ABC) is 30 and the greatest value of {ABC) is 35.

Problem :

H%=.‘r: -"’#=2:.'T?==3:mnd

L y . prove that neither x nor y can exceed '4 |

N L N
Solution:
Clearly x and v are positive integers, The condition of consistency
(AB) < (4)
Yy x
Stmilarly,

(BC)<(B) = y<2x
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“ ﬁ I FEECFRF %4, 158 AR PEE BRE LR PR P {t}
Now, (AB)z (A) + (B) = N

AMY _ (A) (B
‘T ET"‘ T- 1

Thus, (AB] = (A) + (B) — N
y2 3x -1

Similarly

(BC)=2 (B)+(C)—- N

=yz ox -1

g -l e NTUNCRUSRPPPPRS |}

IACIZ (A) +(C)— N

By(ljand {2} Sx-l=y<x

Taking Sx-1S x weget x < -

=

Taking y< x wegety =

Nesther x nor y can exceed %a.

Exercises:

1. Examine the consistency of data when
i) (AJ=BO0; (B)= 700, (AB)=660; (N)= 1000
i) (A)=600; (B)= 500, (AB)= 50; N= 100

i) N=2100; (A)= 1000, (B)=1300; (AB)=1 100




T

iv] N=100; (A)=45; (B)=55, (C) = 50, (AB)=135 , (BC)= 25, (AC)= 20, (ABC)=12

vIN=1RO0; (A)=850; (B)=T80; (C)=326; (AB}=250; (BC)=122; (AC)=144;(ABC)= 50

2, A market investigator returns the following data of 2000 people consulied 1754 liked
chocalates 1872 liked toffee and 572 liked biscuits, 678 liked chocolate and coffee, 236 liked
chocolates and bixcuits, 270 liked chocolates and biscuits, 270 liked toffee and biscuits, 114
liked all the three Show that the information it started must be incorrect.

3, 10 (A) = 50; (B)= 60; (C)=50; (Af) = 5;
(Ay) = 20 and N = 100. Find the least and greatest value of (BC).
Independence and Associntion of Data:

Two attributes A und B are said 10 be independent if there is same proportion of A's
amongst B ax amongst s,

Thus A and B are independent iff

(AR) (AN .

ANY  fall). ;
L[F? LSS g Au)

Fram (i) we get

(AN) (AR}  (ABFHAR)
o um) (R

W
TN

.u(ABJ=%....,............... L

And(Apy= 28 )

Again from (1) we get



[
(AR L A

i S—

(L] iy

(W)-(AN) - ()= (Ag)
() un

[n-]- Lot )
lﬂ 1.4

o o8y Lu8)
T 1]

[l i [alt)
IR L

(104204304 are all equivalem conditions for independent of the anribute A and B,

Associution and Coclliclent of Association:

If (AB) # "'mhwe say that A and B are associnted. There are two possibilities.

HiAB) » ——— ml L we say that A and B are poxitively associated and If (AB) < —— HH"

say that A and B are negatively associated.

Let us denote § = (AB) - 222

ie. 8 = [ (AB) (af) — (AP)(af)]

Note:

i A and B are independent if § = 0.



TR

ii. A and B are positively associated if & > 0 and negatively associated if § < 0.

CoelTicient of association:

There are several measures indicating the intensitivity of association beiween two
aftribution

A and B.

The most commonly used measures are the Yule's coeficiency ol assoctabon Q and
coelficient of colligation Y which are defined as Tollows,

(AB)afi) - (Af)(aB)

=GB ap) T ) (ak)

= NG
(AB)af) + (Aff)(ab)

- ey

¢

L

'+ )

»

Y=

Problem :

Check whether the attributes A and B are independent given that (1) = 30 (B)=
o), (AB)= 12, N= 150

(INAB) = 256, (aBf) = 768, (Af) = 48 . (afi) = 144.

Solution:
Ciiven class frequencies are of first order comdition for independence is
(A)(8)
(AB) = ==

Consider,




TN ST e 2= (46
(A)(H)
(AB)= =
Hence A and B are independant.

i) (A) = (AB) + (AF) = 256 + 48 = 304
(B) = (AB) + (aB ) = 256 + T68 = 1024
(a) = (aB) + (af) = 768 + 144 = 912
(F) = (AF) + (afi) = 48 + 144 = 192

N=(A)+(a)=3044912 = 1216

CGANE) _ S I028 e
Now == = o = 256 = (AB)
- 41

Hence A and B are independent.
Problem :

In a cliss test in which |35 candidates were examined for proficiency (n

physics and chemistry, it was discovered that 75 students fadled in physics, 90 failed in
chemistry and 50 failed in both. Find the magnitude of association and state if there is
any association between faaling in physics and chemastry.

Solution:
Denoting "{ail in Physics” a8 A and "Gl in Chenustry” as B we get
(A) =75 (B)=9%, (AB) = 50, N= |15

The magnitude of association is messured by



e e

G i (AB ) (aff )= (AF ) {aB)
CABYaf 14 (AR J(ek)

@)= N-=(A)= 13575 =60
B)=N-={B)= 135-90 = 45
(@B) = (B} — (AB) =90 — 50 = 40
(A1) = (A} = (AB) = 75 =50 = 25

(aff) = (@) = (aB) = 60 - 40 = 20

. Sl xd0=25 x40
= SDR20420%40

0
Q=0

A& A and B are independent hence failure in phiysics and chemistry are completely
independent of cach other.

Problem :

Show whether A and B are independent or positively associated or neganively
ussociated in the following cases.

N=930, (A) = 300, (B) = 400, (AB) =230

) (AB) = 327, (Af) = 545,(aB) = 741, (afl) = 235
iil) (A) = 470, (AB) = 300, (@) = 530, (aB) = 150

iv. (AB) = 66, (Af) = 88, (aF) = 102; {«f) = 136

Solution:

(AMB) B0 x 400
i) A2 o 2 = 129.08

Now, § = (AR) - 222




=230 - 12903
= 10097
Here § > 0
Hence A and B are positively associated.

o = (AB)(af }- (Af HaB)
(AB)(af )+ (A8 Mal)

_ B27x235-545%741
T 3272154545 x 741

L THHAS 40045
T 76845 4401845

= 32700
| e —
480690

= L6803
@<
Hence A and B are negatively associated.
) N=(A) +(a)
=470+ 530
= 1)
(A)= (AB) + (aB)
= 300 + 150
= 450

(A)(F) _ 470 x 450

Now
N 10:0M)

= 2115




28 = (AB) ~ ==

= 300- 2155
=~ 1825
~8<0

Hence A and B are negatively associated.

Q= (AB)(afi )= (A ) alt)
: (AB)(mf )~ (AB)(aB)

b6 w36 --HEx 102 .
e = (L Aland B are independent.

Prolblem :

Calculate the co-efficient of associate between intelligence of father und son from
thie following data.

Intelligent father with intelligent sons 200 Imelligent fathers with dull sons 50,

Dull fathers with intelligence sons | 10. Dull fathers with dull sons 600, Comment on
the result.

Solution:

Denoting the “intelligence of fathers™ as A and intelligence of sons™ by B
we have

(AB) =200, (AB) = 50, (aB) = 110, (af) = 600

0= (AB)(af) — (Af)(aB)
(AB)(af) + (Ag)(aB)




. ——

200 % 600 =50 %110
200 x600+50%110

={.91235
Since ) is positive it means that intelligent fathers are likely to have intelligent sons.
Problem :

Investigate from the following data between inoculations against small pox

prevention [rom attack.

Adtacked Not attacked | Total
Inoculated 2a 220 245
Mot inoculated | 90 160 250
Total 115 380 495
Solution:

DBenoting A as “inoculated™ and B as “attacked™ we have (AB)= 25 (Af) =
220, (aB) = 90 and

(af) = 160.

(AR Wafi 1= (Af ) (o8 )
(AB }af )+ (AF) (=B )

Q:

25X 160220 X 90
T 25 X 1604220 X 90

40019800
T 400 419804

~15HUD
IR0

= (). B3R,



Atirtbutes A and B have negative association.
Le “Inoculanon” and "attack from small pox™ are negatively ussocuated.

Thus inoculation against small pox can be taken as the preventive measure,

Problem :
From the following data compare the association between marks i physics and
chemustry in MEU and MSU
Universiiy MsU MEKLU
Total number of 2 I 6D
candulate
Pass in physics 80 320
Pass in chemisiry 40 %
Pass in physics 20 30
and chemistry
Solution:
Denoting “puass m physics™ as A and “pass in chemistry™ as B.
We have,
MEKU MSLU
N=16(0) N=20D
(A) =320 LA j=R0
(A= 90 (A= H)
(AR) =30 (AB)=20

From the above data we get the rest of the class frequencies for MKU and MSLU.



MKL MSLI
AR) = () - (AB) AB) = (A) - (AB)
=3 -30 = R0 -2
= 200) = 6l)
(@B) = (8) ~ (AB) (@B) = (B) = (4B)
= 90-30 = 40)-20
= fl) = 2
(@f) =N~ (4) - (@f) = N~ (4) — (B) +
(B) + (AB) (AR)
= 1600- 320 - 90 +30 ~ 200) ~ R0 — 40 + 30
= 1220 = 1)

We now find the coelficient of association between A and B fir MKU and MSU

Passed Failed Total
™) (h ] 155
Murried
260 110 370
Unmarmed
Total 350 175 325

3. From the figures given in the following table complire the assoclation between literacy

and un employment m rural and urban areas- and given reasons for the dilference if any



Urban Rural
Total adull males 25 lakhn 300 lakhs
Literste muales 10 lakhs 40 lakhs
Unemployed 5 lukhs 12 lakhs
males
Literute and 3 lakhs 4 lakin
unemployed males
Timwe series:
Dfinition:

Time senies is a series of values of a varable over a penod of time wranged
chronologically

Components of a lime series:

The various foeces alfecting the values ol a phenomendan in a time series may be hroadly
classified imo the following theee categories generally known as the components of 2 time senes.

1.  Longtme trend (or) secular trend
2 Shont term Muctuations (or) pertodic movements
1 lvegular Muciaations
1. Long time trend:
The general tendency of a time series Is o increase of decrease or stagnate over & period
of several years, Such a long run tendency of & time senes 10 increase of decrease over 4 penod

of time is known as secular trend or sumply trend. Though the term “long™ » a relative term n
depends upon the nature of the series under consideration.



The long term trend does oot mean that the series should continuously move in one
direction only, It is possible that different tendencies of increases and decrease persist together,
A graphical representation indicating a long term increase o decrease or stability ix given is the
following figures.
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2. Short term Muctuations:

I most of the tme series a number of forces repoal themselves periodically over i period
of time preventing the values of the series 1o move in o particular disection. The variatioas
coused by such forces are called short term Ductuations, This shon eem Nuctuations may
broadly be classifled into (a) seasomal variation (B) cyclical variation

wl Seasonal variation:

Gienerally seasonal vanations are considered as shon term uciustions
thit occur within a year. These fluctuations may be regular as well as irregular
with in a period of one vear

b Cyclical variation

If the perod of oscillation for the periodic movements is o time series is
greater than one year then ot is called cyclical vanation. Generally oscillaory




movement is nay business activity is due 10 the out time of the business cycles

normally baving four phases namely prospenty recession, depression  and
recovery, The period between two successive peaks or though i known as the

peried of the cycle. In cyclical variation generally the period of a cycle is three to
eleven yeurs,

X Irregular Ductuations

The Muctuation which are purely random and due 10 unforeseen mud unpredictable forces
wre called Iregular Mluciuations

Measarement of trends

A praphical representation of a time series exhibits the geacral upwards and
downward tendencies

The following are the four study of measurement of the irend in 8 lime series

1) Graphic method
1) Method of curve fitting by the prnciples of least squases,
iy Method of semu averages

wiMethod of moving averages.

i) Graphic Method

This is the simplest method of determining the trend. In this method all values of the time
senies are plotied oo a graph paper and a smooth curve is drawn by free hand 1o pass through as
many points as possible, The smoothing of the curve eliminates the other’ components such as
scasonal, cyclie and rundom varations.

i) The method of curve fitting:

This i the best method of Giting o rend and it is commonly used in practice.
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il Method of semi averages

In this method the whole nme series data 15 classified i two egqual parts with respect 1o
ume. Having divided the given series into two equal parts we calculate the anithmetic mean for
cach pan. These means are called semi-averages. Then these average are plotied against the mid
values of the respective period coveréd by each part. The line joining these pounis give the
stradght line tend for the ime senes.

iv) Method of moving averages

This method for measuring the trend consists of oblaining a sértes of moving average of
successive m terms of the time series. This averaging process smoothens the fluctuations and the
UPS and down in the given data. It has been observed and proved mathematically that i a trend
is liner the period of the moving average I8 taken to be the period of oscillation,

Measurement for seasonal variation

There 15 a simple method for measuring the seasonal vanation which involves
simple averages.

Simple average method
Step 1:
All the dutn are arranged by vears and months.
Step 2:
Compute the simple average £, for i™ months
Step 3:

Cbtain the overull average x of these average £, and

= g BN i & EEr— ]

* 12



Stepd:

Seasonal indices for different months are calculated by expressing monthly
average s the percentage of the overall average x

Thus seasonal index for i* month == x 100 Take X = x - 197 and Y = y.42
Then the line of best fit become
Yoax + b
The normal equations are Y xy =a Xy 4+ bYx
ZrnuZ:+nﬁ,wﬁr¢u# 11
From the wble,
A9 = [ Hha

=9
= ==L
-y m 017

17=11b
b = | 55
& The ling of best 1it in Y= <017 x « 1.5%
.Y - 42 = - 017 (x - 1987) + 155
y= =017x + 1987 x 0,17 + 155 + 42
yu —017x + 381.34 is the straight line trend
Problem:

Use the method least squares and fit a strasght line trend 1o the following data given from 82 o
92 Hence estimate the trend values for 1993,



Year B2 | B3 | Bd | RS [ 86 | BT | BR | RO (90 | W
Production | 45 [ 46 |44 |47 [42 | 41 |39 |42 |45 | 40
in guintals

Solution:

Let the line of best fit be
Y=ax + b Take X = x - 1987 and Y = y-42
Then the line of best fif become

Y=ax + b
The nomal equitions are Lxy=aXs* + b X x

Z}':uzj+uﬁ,whﬂen= 11

=]
From the table, -19=110a =y ==—-_.() |7

110
X= Y= yd2
X x-1987 X
-5 i
1982 45
-4 46 4
I9H3
3 44 2
1984
-2 47 5
1985
-1 az 0
YR




0 41 -1 {1 0
1987

| 19 -3 -3 I
198K

2 42 0 0 4
198y

3 45 3 ] 4y
1990

4 44 . -B I8
1991

5 48 G 30 25
1992

0 - 17 -19
1993 110

LThe line of best fitis Y=-0.17 x + | .55

y= —0.17x 4+ 1987 x 0.17 4+ 1.55 4+ 42

y = =0.17x - 381.34 is the straight line trend

From the line trend

When x =982, y=444

17=11b =t£:~’li: 1.55

ie,¥ - 42 = — 017 (x - 1987) + 1.55

X = 1983, y=44.23, x=1984, y=44.06

X= [9RS, y=43.89, x= 1986, y=43.72

X=1987, y=43.55 x=1988, y=4338 X=1989 y=432] x=1990, y=43.04




X = 1991, y = 42,87, 5= 1992, y=42.7

Thus the trend values are 44.4, 44.23, 4406, 43.8Y, 43.72, 4358, 4338, 43.2], 454,
43.04, 4287, 427

Problem:

Calculate the seasonal variation indices from the following data



Seasomal

Muanth Muonthly sales in lakhs Total £ imbices
< 100

I 1] i

1991 1942 19493 1954
January ] M T 135 46 T %,mﬂﬁ_"
February ES 8.5 5 ] T 4 -:l;__nm 7%
March 10,3 12 T 125 46 S | ——1o0-953
Apnil 12 1] T3 T] 6l 15 _:_-}“m: 12%
May T 9 12 1S 46 13 %mm. 95 K
June 0.5 10,5 1 14 A6 TE] 'l'_f,m. . 9o %
Tuly 12 ] E 17 56 19 1 =x100= 116.7
Augus 9 § 11 16 44 11 %,lm:q.;_?
Sepember 1l 11 125 135 4N 12 gﬂm - 1
O tober 10 K s 13 +H ] 31—_;_-:1111 - 917
Miovensbes [ § 12,5 [ 14 45 12 E‘lm = Jin
December | 3.2 i3 5 I 56 4 %l[m: 1167
Total 144

12




I year 1l 1 v V2 Vi
production  in | 4 vearly | 4 yearly | period trend
quintals moving total | moving moving total | values (Vy

average 2

JG82 45 - -

1983 46 - "

1uR4 44 182 | 45.50 90.25 -

1985 47 179 | 44.75 88.25 45.13

1986 42 174 | 43,50 B5.75 4413

1987 41 l6Y | 42.25 §3.25 42,58

4248 39 164 [ 4]1.00 82,75 41.63

1989 42 167 | 41,75 8323 41.38

1990 45 166 | 41.50 85,85 4163

1991 40 175 | 43.75 - 42,93

19492 4%

Problem:

Compute the trepd values by the method of A yearly moving average for the dala
gven in problem .

Problem:

Determine the suilable period of moving average for the data given in problem |
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We observe that the duta has peaks at the following years 1983, 1985, 1985, 1990 and
19492,

Thus the data shows 3 cycles with varying periods 2,52 respectively.
Hence the suitable period of moving average is taken w be the AM,
periods.

Hence T"F—‘]‘:--ﬂ‘l—z--: 3 is the peniod of moving avernge.

Problem:

Compute the seasonal indices for the following data by simple average method



Season
= 1994 1991 1992 1993 19494
g g [ Summer i 0 Hi 65 i
o § Monson a0 58 63 6 55
5 Autumn 6l 56 K S 55
winier 3 (1] (1) 55 5K
Solution:
Year Summer | Monsoon | Autumn Winter | Total
194}
i ) ol i
1491
70 58 56 i)
1992
68 63 68 67
1993
hs 56 56 55
19494
) 55 55 S8
todal
ail 292 296 g
average 2444
662 SK N2 IR
Seasonal index | Sy 100 | Bhe 100 = | g 100 = | Slx 100 | £ =611
Gl ni.l il 6l
= 1083 5.6 Y =092




Exercises:

1. Room the data given below calculute the seasonal indicates assuming that trend s

absent
Year | Guaster W quarter | I quarter | IV quaner

40 35 £ 4l
1970

42 37 39 i8
1991

41 s IR 40
1992

45 i6 36 41
1993

A iR iR 42
1994

2. Compute the seavonnl index for the following data assuming that there is no need to
adjust the data for the wend

(Quarter 1989 T1990  [1991 [1992 [1993 [19%4
1 |35 [3s 3.5 40 4.1 42
N [39 |41 10 4.6 4.4 46
m |34 |37 37 is 4.2 43
V. |36 |48 4.0y 4.5 4.5 4.7




Uit - 11
2 RANDOM VARIABLE

LﬂShunump&:plmm‘i-uﬂmm-

Biven random experitment. A real villued
function defined on § and

taking values in R(-w,2) is called one dimensaonnl random

variashle,

A random variable X is g rule which associates uniquely a real number with every
elementary event E 5. i =1.23..n iLe, & random variable 15 o real valued function which
maps

the sample space on 10 the real Tine. Discrete Rundom Variables and Continuous
Random Vanables are the two types of o random variahle,

21 DISCRETE RANDOM VARIABLE

Avﬂﬂuw&hummuﬂynmmmmwvnlmmrmwhiu:h

vitlue whdduhcwdnhkhkﬂsdq:mdsmchnmhtﬂhddhm random variable, In
other words, o real \rn]utdiuncﬂnnduﬁmduuldm:umim{:umhulhdnhum:
random variable, For instance, numbers of members of family. number of students in a class,

mmhc_rnipmsm;nr'muhn.mstingumiulndnﬂingadkumlhe example of discrete
random variahle.

the

L L1 Probability Mass Function
If X is one dimensiongl discrete random varable taking at most & countable in finite

nuwmber of vales 1, x5, ¥, then it s probabilistic behaviour at each real point described by
a function called the probability mass function

Deflinition:

I X 1s u discrete random variable with distinet 15, x5, 1.5, then the function Pix)

PX=x) if x=x, | | |
deflined as "’xlnn{ P ¥ oxwx =123, 1 called the probabality mass

function of mndom viriable X

Remarks: The numbers p(x) ;1 =1,2.3,... must satisfy the following conditions:

() Px)= 0 and (i) 3 Py, jwi

il



2.2 CONTINUOUS RANDOM VARIABLE
A random vatiible which can assume wiy value from a specified imterval of the form
la.b] 1s known as continuous random vanable.

211 PROBABILITY DENSITY FUNCTION

I X is a continuous random variable, it will have infinite number of values in any interval
however small. The probability that this variable lies in the infinttesimal interval (e avdy) is
expressed as fic) dy, where the function fix) is colled probability density function (p.df),
satisfying the following conditions

a
(i) i) =0 Yx (i) j-ﬂ-ﬂdul

ZIDISTRIBUTION FUNCTION

Let X be o rundom variable, the fusction F defined lor all read x by Flx )= KX <0
is called the distribution functionfd fi or cumulative distribution fusction of the random
vanable X.

Il random vanable X is discrete then distnbution function is F{ x )= X < x)

I X is comtinuous random vanable then distribution fenction is
Fixys X sx)m | flx)de

231 Properties of Disteibution Function

1. If Fis the distribution function of random vanable X and if a<b then
Pla < X < b) =F(b)-Fla)
. I F is the distribution function of random vanahble X then
(M0=FX)s HF s FNifx <y
3. W F is the distribution function of random vanable X thon
Fi-=m)= lim Ffx)=0 Flo)= lim Fix)=1

=i w N =B

L=

’ %[F.{Ti} = .vﬂ-'tj

-



Exmmple 2.1 If the random variable X takes the valve 1, 2, 3 and 4 such that
WX 1=3PX=2) = P{X=3)=5P(X=4) Find the probability distribution?
Solutwomn:
WR=1=k=MX=1)=k2
PiX=2) =k = A X=2) = k/}
P(X=2)=Kk
SPiX=d)= k =P X=4) = k/5

The probability distnbution is

I 1 | 3 4
HX=x) | 1561 16l BT LA

Example 2.2 A random vansble X has the following probability lunction
X [ I 3 4 4 ] f 7

Pix) | O k 2 (2 |[&% [&F [28 |[7+k

(1) Find k, (i) Evaluate P{X<6) P(X26) and Plo<X<5) (i) Determimne the distributon
function of X and (iv) P(X=0)>1/2 find the munimum value of a,
Sobution:

7
Y Py )=t
Awil
- 2h4- 2042k 34 B 4 2654 7K k=

[
= 10K"+Oh-1=0 = (10k-I}k+1) =0 =ks= T of k = -l{negalive)

|
Henice kni_n



i)

fiif)

fh

PiX<h) = PX=0)+ PX=1)+ PAX=2H P(X=3)= P(X=4)3 P(X=5)

mk42ke 2k 42k k4 k2
" . I A/

PIX <83 e o e e s B e

Meoqa  h o Ja o

o _n

Pﬂ.-:i = I- PiX<6) = o0 1o
19
Pﬂr‘aﬂ=ﬁ

Pi0<X<5) = PiX=1)+ P(X=2}+ P{X=3}+ P{X=4)
e 2k 2+ 2k Tk = Bk = ;iﬂ

&
MO<X<5) = ‘E

Distribution funciion of X
Fix)=HNX s x)
X Fix)=MX €x)
0 0
1
t'F—l‘-
: T
3
3 TN T, T e
* 10
5
3 k+2h+2% =5k = —
I
4 t+n+n+u.u.%
5 PERETSND G I L NS T S S e |
10100 100
6 bedk+R ek aaT el othout-0,3 8
T ]
I TET TS T DU U0 TG e PO 1 C A I
] 10 100
PiX<a)> 172 find the minimum value of o

8 4 )
From the distribution fﬂl!:".‘llml'l'x,_?l'lFm :i}i
a=d




Example 2.3 A discrete random vanable X hiis the following probability distribution
T D I 2 3 4 5 6 7 L]
pxl @ da Sa Ta B Ila 13a I5 |7a

(1) Find the value of "o’

(i Pl<Xc<d)

(i) PX23)

(i) Find the distribution Tunction of X

[} ]
Soluthon: %hmgﬂx'”"

neda+ So+Ta+9u+11av 132+ 15a+17a =1
|

SoBla=]=u= ¥
- The wetual probability distribution is
X 1} 1 2 3 4 5 6 T
W 1 (3 [ 5 [1 |9 [H[B[B
%1 Bl Kl Rl Bl Kl LY Rl
0<X<H=PX=1)s PX=2) = = poe = =
PO<X<3)=aPMX=1)+ K '}'th'ﬂl'nl
Pl<X<3 "l
<=5
. {l -1 5} 7
P(X23)=]-HX<3) =1- “Jl T

The distribution functon of X i3




Example 2.4 For the following density function, f(x) = ﬂfﬂ.“““l‘"m_

find the value of "2’
Solution:
Given fix) is a pdf.

" ]'Ju:hh =1

it Tf_i'ld_' =

Example 2.5 The diameter of an electric coble, say X, is assumed 1o be o continuous random
viriable with pdf - fix) = i [-x) , Osx<l].
(i Mdetermine o mumber b such that PAX<b)=PX=b)
(id) Compute HIﬁ%f‘%iIiér
Solution (i)
KX<b)=PX=b)

:Tﬂ:ﬂt = j‘ﬂﬂdlr
1] ]

:jﬁ.tfl-.thl'.r - _il‘lintl = X v
0 fr

:ﬁiu-ﬁm - ﬁill'x-:‘!jd.t
0 "



—

[It .fs]: [; &)
e e - -uli+-u—
TET) R R |

{555

=357 -7 wil-2 4207
=4b* -6 +1=0
=5 (212 =2h-1)=0

542

SLdb=lal) = b--;-l*ur

:a’-za-:-u:-a-“"’“*"-""ﬁ
]

¥

[
Hence D=3 | is the only real value lying between 0 und |

P(Jl.' s-‘-n%ﬂ#:c-z-)

fﬂlﬁli%féili%li II ; 3
F[isxsi]
| I Bl | = & doli
o(bex<d)
3 2
(] I 1 E=1
P(-s.l.’::-]
3 3 Gaf 1= x jedn
. g
3y 0
[ TR | 2 11
Ki=/=25X=2£=]|2 —
Al w SR | ]J i

Example 2.6 Let X be a contnuous random vartable with p.d f given by
kx Msxel

fix)n i WES T3
I-i.r+.i'.l' SLsred
| 0 L otherwise

(i) find the valwe of k (i jDetermine the o, f

27



L]
J'fuﬂm:
=

ik.td.r +j{l- dx +ir—~i-_t+3k bedx =]

p 2

4 I _l:“" 3
M- saexf o] ks3] =1
) 2

k t-ﬁ]dﬂ 1;4-[[ k%*]ﬂ]-[-tf—-ru‘!n I

2 2

\

\ 2
i
& ogulopl 2008 3)]:1
X 2
k k
E+t+3.l
l+1.l+.l‘=1
2
4k !
—=] k=] k==
=R % >
(i) The cdf
For any x, such that -so<x<();

Fii)= [frutr =0

For any x, where O=x<1,

Fix)= Iﬂd:+Il:rd: t_[m; ~-[4—_] .{F__*qu_

- L)



For any . where 1<x<2;

Fix)m iﬂdﬂ-}hdﬁildx -ii:dl+lj. dy

- (i} ! 0 ]
i X
I I | I 0 ! Y13y 1
.zg.rd:+1!dx 1[2] []l' [1 1J+z[.: ll-(zIz]i-ih-H
_i+x-lﬂl+3x 1}'I+Ex -2
4 2 4 4
2y -
F. -
[x) 3
Furuuy:,whﬂtlit-cll-

Fia)= IﬂdHIhd:+Ihh+J kvt 3k ds = tIrd:+lIdt+kj K+ dids

- 1“‘ ¥
-— X E{ 'i-l'-.‘l-'h

I A
f{_’.] k4o

i
4 2 12



Fix)= _[ Hdr+_[hi:+lli:+j ks 3k d:+fui:=.&fxdr+i_[m+t_[ x4 3y

=i

l%j.td.l‘-l" ;}Jldna;-:[u X4 Rl

At 5
'{%'DT-] L 1]+%[[-3T'+131]-[-i+1nﬂ
Aot )

u£+1+i[.-.3+9w4 ni-l- + —_— 5] l l 1[-—-9-!-“}}:']-"_11_1:.
¥ 22K £ 4 2 2 L 2 4 2 4
Fixi=1

Hence the distributson function F(x) s given by

[

for-mL<x<l

0
i:- Jorfisx<li
2x-1
4
L EE=5
4
[ | forisx<=

Fix )= forlsx=2

for2sx<d

Example 2.7 The cumulative distribution of continuous random vanable X is given by

i, il

x?, Osx -l:jf;

j !
l ."'!- !.l I:-!

0, Azl

Find (5) Probability density numurximrums. I}m.hiiii}l"l' j{ =X<d)
Solution:

We know that ftﬂ-'}t*i?_'r[-l}



The points x =0, Y2, 3 are points ol continuity

0, x<i

2, Dsx<}
i %cz—n, Yexe3

(1, x=3

3
Plx|s1l)=P-1sX <) =K -Fel) =55

L}

!
Ay sX<d)=Fa)-FN)=1- g=C

R = el e
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The ‘average’ value of a random phenomenon is also termed as 115 mathematical
expectation or expected vialue. Once we have constructed the probability distribution for a
rundom variable, to compute a mean or expected vilue of the random vanables, where the
weights are probabilities associated with the corresponding values. The mathematicul
expression for computing the expected value of a discrete random vanable X with the
probability mass function and computing the expected value of a continuous as rundom

variable X with the probability density function are denoted byE(X)
_,_.--—:'_-"'H_—
R
Z.tj P\X =x;) for discrete random variable
il
E.q" X J=
A

I: fixpdy  for continuous random variable

iy’

4.1.1 Properties of Expectation
Property 1. Addition Theorem of Expectation

If X and Y are random variables then E(X + Y) = E (X) + E(Y). provided all the
expectation exists,
Prool

Let X and Y be a continuous random variables wath joint p.df filx, v) and
marginal probability density functions of fx(x) and fy(y) respectively.

E(X )= [xfinde E¥)= [y v dy
ity it
- . -}
Ex+¥)= [ [(x+5) favizpdvdy
T
=[ [xratonsdedy+ | [yfuxndsd

-+

. xi:_[ Fistits }'}:-"}':Idr+ j"-r : j e }'HI:'J}’ = _'[-l’fxl'-ﬂiT+j v ¥y

=i s

EXX+Y)=E(X)+E(Y)



Property 2: Multiplication theorem of Expectation
If X and Y are independent madom vanables, then E(XY) = E(X), E(Y),

EXY)= [ [ ay futxy)ducy

‘j‘ i.t:rftl-l.'lfr'-'}’i'd'-#
. = X. Y are independent

= [ «fy e [ v vidy

E(XY)= E (X).E(Y)

Property 3 If X is u random variable and ‘2" is constant,
(1 Elaw(X)l =a E[wX)] i) Ele(X)+a| = E[g(X]] +a
Where w (X} is 4 lunction of X, is a cv and all the expoectation are exisis,

Proof (i)
Ela w(X)] = jn wix) fix) de uu:[ pix) fx) ds
Ela w(X)] =a Ew(X)]
(i)
5 Elg{X)+a] = jlrmuln.mh = ir{;]_ﬂ.ﬂﬁh+ i'nﬂ.ﬂdr
i . - .
=Elﬂxﬂ+ui'fmd: [ j .l’u:-dr-l]

= Elw(X)]+a

Property 4 If X 1 o rendom vonsble and o and b are constanis then
E(aX + b) = u E(X) + b provided all the Expectahons exists,
Prool

ElaX +b) = j'iunbm.ﬂdx -j.'nqunihﬂ:m

'ﬂj #"LtH.I'hllj e (~'-}lﬂlﬂl-l]

E(aX +b) =aE(X)+b



Property 5 1f X =0 then E (X) 20,
Prool
If % is continuous candom variable such that X 2 0 then

E(X) =i A lxddy -i Hix)>0

IF X 20AX)=0forn <] provided the expectation exists.
Property &
If X and Y are two random variables such that Y < X, then E(Y) £ E(X), provided
all expectations exists.

== Y
Since Y < X &
Wehavery Y-X <09 X-Y20 (_ﬁ‘/

Hence E(X-Y) 2 0 2 rJ/
*

E(X)—-EtY)z0
ErX)z E(Y)
= E(Y) 2 EX).

4.2 Vartance
The varanee af a random vanable X s defines as
VariX)=BX" )-(E X )}
4.2.1 Property
Let X is a mndom variable then ViaX+b) =a*V(X) where a and b are constants
I Y=aX+b then
ElY| = E{aX+b) =aBlX}+b
Y-EIY] = YeluE[X]+h)
= (aX+b)-(nE|X]+b)
= (aX+b-aE]| X |-b)
= aX-aE[X]+b-b
=aX-aE[X]
Y-E(Y) = n(X-E[X])
Taking expectation and sguarng on both sides we get
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E[Y-E(Y)]" =Efa(X-EXO)]
= o’ [EIX-EIXIT)
= o’ (E[XT2XE[X)EIX)Y)
= o’ (B[ X 2E X JELX ) CE[X)P)
= o [E[X7 ) 2EIXD «E(XD°)
= 0" [EIX*)CEIXD)
ViaX+b)=a’ V(X)

Example: 4.1 Find the expectation ansd-wvastasce of the number on a die when thrown
Solution

Let X be a random variable representing the number on a die when thrown, Then X
can take any one of the values 1.2.3.4.5,6 cach with equal probabality 1/6

- -
=
=28 Rl B
-
=] tn
Lol B -

P(X=x)

i
1 1 | I | l
E(X )Y qf(X =y J.IE‘EFREHE*’EME

dwl

J]v3+]+d+5+ﬁ
i
E X 21
’.w
f

Exnmple 4.2 If a pair of fuir dice is tossed and X denotes the sum of the numbers on them,
find the expectation of X.
Solution: Clearly X may be at least 2 and at most 12

—_—
—_
i
(]

X 2 3 4 5 6 7 X 'i 10
*

| i 4

2 S | &
MMIwslmslw|%|%]| 5%

i a6 i6 i6 3




3 ST T N T e
- i P R e S ey D
Ei X} "E::_FFI x ) 3Ii+33l.'|+ T bl b i
4 3 2 I
P e e ] o ] R e
+9 =t ==l l=—+12

-Iﬁ.f]hﬁﬂl +20+ 30+ 42+ 4B+ 364+ 304+ 22412 ]

242
A [ e
EiX) %

Exumple 4.3 If X be o random variable with the following probability distribution

X | 8 9
Pix) é % ;_
Find E(X)LE(XY) and QX+ 1)
Solution
E(X )= P X s ;--ziméﬂ%nﬂ;*_"‘.%’.%
BX)%
EX )= Y S X =y, J-fu]F%+ﬁ’%+ﬂI%-%!
Erx’:-g:—a
B2X 417 = Elax? o ax 4 1] = elax? |+ gfax] 6]
<X o aglx]0
WL VLA
Tl
B2X 417 =209

Example: 44 In o contingous distnbution the probubility density function of X is

3
Ha)wdTHOTTN O ERER s o it SN Qliribiatiot
i) Joitherrwise

Solution.
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: 2
E;I;;I:fu}dt-l.t.z.ﬂl—r:ldn
o @ 4
2 3
a=fxt(2-s)ds =2 f2e2 -5
1!:.‘2 x hlx ‘!11 x iy

544145 554

22135 39 =E[E_E]
4|

2 a] #H3 4
-
-l 413
E(X =]
4.3 Cauchy -Schwartz Inequality

If X and Y are random varishles tking real values, then [E (XY)] < E(XY) E(Y)
Proof
Consider the expression (X+tY) which is o function of real variable 1. Since it is
always non-negative for all real values of X.Y and . it follows tha
EiX+(Y) 20w
E(X*+2XYu 'Y 2 0 Vi
E(X 420 BOXY 1 BOYY) 20 Wt
e, ol) = Ar+Bi+C > 0 Wi
Treatng as a quadratic it , is roots wall be real e 120

where A= E(Y'), B2 EXXY)C=E(X" )20 ™
Now gft) > 0 implies B*-4AC <0

- AELXY))- 4B E(Y) <0
= [E(XY) < E(XH E (YY)



4.4, Conditionul Expectation und Conditional Varlance
Discrete Caset  The conditional expectation of mean valve of a continwous Tunction
gl X.Y) s given that Y = y, 8 defined by,

Elg(X.Y)/ Y=y | -i Y sla.y ) PX=k/Y=y)

_Exm-ﬁ.}ﬁx wxNY=y)
PY=y)
(io) E|#(X.¥)/ ¥ = v |is nothing but the expectation of function gix, y) of X with

respect 1o the conditional distribution of X when y = y;, In partcular, the conditional
expectation of a discrete mndom varable X is given Y = ,

EIXYaylad s AX=g/Y =y)
The conditional vanance of X given v = y, is given by
VIXiY=y | = EIX-EX/Y=y ) /Y=y ]

Continuous cuse
The conditional expectution of g(X, Y) on hypothesis ¥ = v is glven by

E(gXY)/Y = )] = [ glx ) fy , lx/ v)ds

= j;u‘an
a* .rr'l”

In purticular, the conditional mean uf X given y = y is defined m

o f(xy)
EIX/Y = yyle | o L2
i . I !. fr(lﬂ

Similarly,
t Jixy)
E(Y/X = e [ v g
I I I‘l ‘r‘.‘x}
The conditiona] vanance of X delined as
VX'V = y)=E[(X~ELX /Y =¥)) /¥ =y]

VIV X mx o E[(Y=E(Y/ X =)'/ X =



Theorem 4.1 The expected value of X i equal 1o the expectabon of the conditional
expectation of X given that is symbolically,
E(X)=E[EIX/Y)|

£|£txfﬂi-£12r. PX =3, H"w,:-}

KX = x Y =¥,)

- .t:{;:. Py=v,) ]

=xrn¥F=y

PX=x ¥ =y)
Z {gs R e
=2} PX=x0¥=y)
i

=EI.E PIX=xny=¥%)
R =
L

= E[E(XY)} =EX)
Henve proved.
Theorem 4.2
The vanance of X can be regarded as consisting of two parts the expectation of
conditional vanance and variance of conditional expectation symbolically
Var(X) = E[VIX/Y)] + V [E(X/Y))
= E[V(X/Y)] + V [E(XY)]

= E[EC - [ ] |+ Lo |-[E{ece ) |

= E{EOC V)| - EEOV W + BB V) [ ELE W T

= E{EOCTY)| - [E' X/Y)|
= E{EX' 1Y)} - [.'-:{ iW Ll—j

=£erﬂxuw-n —tfml

=)
‘=£ il il | _E:{l
{Zxﬁ Ay I EX))



o

:P{K-Jlﬁr-j!!]

MY =y)

s =X 0 PX=x ¥ =y )~ EX)]
T /

= Var (X) = EIVIXY)] + V |EIXY))

=¥ K PX =)= EX)

&

= E(X )= ELX))
:“r[x} -

Hence the theomem

EXAMPLE : 4.5 Let X and y be a two random variable cach taking three values -1, 0, 1

having jomt probability function of x and v

(1) Show that X and Y having different expectation,
Find the Variance of X and Y
Given that Y = 0 what is the conditional probubility distnbution of X.
Find the Var (Y/X = -1)

(1)
(1)
(iv)
Solution

}H‘f - J:'Jl]-lﬂ‘.‘ﬂf

AN

-1 0 (1 0.1
0 0.2 02 0.2
1 0 (1 014

\

-l i | P(Y=y)
) 0 0 0.1 0.2

] 0.2 0.2 02 0.6

i 0 01 (.14 02
PIX = %) 02 0.4 0.4 I




(1) Expectation of X and Y are

E(X )= xp, =(=1002)+( 0} 04 )4+(1)04)=02

E(Y)=Y v,p =(-100.2)+(0 0 0.6)+(1 f02)=0

EX)|»EHY)
S X and Y are having different expectabion.

(1) Viariance of X and Y
Var( X )= E( X7 )-(E(X )}
E X7 =% s P X =x )=(-1/ {02+ 0F104)+{ 1704}
w 0240404 = 0.6
E(X® j=\06

Varf X )= E{ X* )—(E( X )" =0.6-(0.2F =0.6-0.04 =056
Vari X )=10.56

Vart ¥ )= E(Y7 )-(Ei ¥ )
EY )= Y viPY =y, )= =1/002)+00/(06)+(1/(02)

w (240402 = 04
E(Y' =104
Var(¥ j= E(Y* )~(E(Y )] =04-(0F =04-0=04
Varl¥ j=04

(1) Conditional probubility of X when Y = 0

- - [ ]
POX=-1/Y=0) = PX=-1~Y “’,.&,l

MY =) s 3

PX=0/Y=0) = PX=0nY=0)_03 1
PY=0) 06 3
PX=1NY=0) 02 1

—

PY =0) 06 3

PX=1/Y=() =




(v) VYIX=-1)
Var(Y /X =)= E(Y/ X ==1) <[ E(Y/ X =-1)]
E(YiX=-1)=Y yP(Y=y/X=-1)

= (= 10)+ (0)(0.2) + (1(0)
E(Y/X =-1) =0
E(Y/Xa-1) =Ty P(YuyiX=-l)
= (=1 0+ () (0.2)+ (1) (©)
E(Y!X==1] =0
o Vae(Y/X =)= E(¥ /X ==1) -[E(¥ /X =-1)]
i"u{l*.f.t’ = —I}-ﬂ—ﬂ‘“

Biy. Decx<cy<l

Beample 46 Lt £(xy) = 1% "0V <

Find (0) B(Y X= 1) Var (Y X=x)
Solution : (a)

I
fylx)= I fixydy= _‘.ﬂt}r.h' Ihj'?#v h[}:—:]

Al gl

jx;;;-dqu,ﬂj. ocx<l

x

Fylx)= J’ flxy)dy= Ihvd‘: mpj' dx -Hv[ :[

r_v: 0 v
T "f[?]

fy(y)=4y®, a<y<t



fiay) By
fify) 4y

2
fenl® yl=—
¥y

,rr:._wﬂ Sy
fex O x) fil5) A2}

2
f rfF"-ﬂ'ﬁ":‘i‘i‘j

Fy 1%/ y)m

(h) Var(Y/X=x) = E(Y*/X=x)- {E(Y/X=x}*

z{r;x-:]-[vf wfx,lnh'ﬂj = “ﬂ‘r
| 2 [
I’I-I“j‘[fﬂl (1-%° JLHI
2 E_f_ 2 [P=
(3 3| (-2 3
1
E(Y/X =x) --3-[::—“;]

i i
E(¥'x *-t}']:rlf..frfxm-j:f’ .ﬁ%‘ff

8 T .v_‘}'

IR ST
2 it ) [1“—:
n-=)4 4 fIJJ[ 4
E(I"'II-J}-H""

Varl¥' X -IJ-E{fl.'I-.t)—{E”fx‘ll]?

i)
I+ %"

2
& -—-ng
Vari¥/ X = x} > [t-r’)



4.5 MOMENT GENERATING FUNCTION
The Moment Generating Function (M GF) of a random variable X delined as
Jr“ finpde  for continuous probability distibuotions

M ()= E(e" )= EE'F“'“ o & ity diser

M, i)= Ew"’]-l:r"_ﬂﬂdl
T | KTl
H,m-EtH‘]-E[qu+%+ +i+...]

-I+r£{m+—£{.h' J 4 .‘ 7

F ¥
g ' I #
= |0y to by +---+ﬁﬁ_ *o

S ] =

. j:.' fix) dy for comtimious disteibution

Where Wom BX e
¥ ¥ pix) for discrete distribusion
i

: : . [ g
is the rth moment of X about ongin. Thus the coelficient of i Mgt} gives
_'__-__.-_-__-_...—l-'
4, (about origin), Since Mx(1) generates moments, it is known as moment generating
function. Differentinting moment generating function wor to “" 'r" time and put t = 0 we
lqtl

[_Hkhi] .Hl

put =1
-[%len = E(X )= Mean

puit r =2

I | ———
H;:[_"?Hrtt} =EX*)
dt =

Variance = i =l | = £ X7 j=(E( X))

R



4.5.1 Properties of Moment generating lunction:

Property 1
M,x (1) = E[e**], ¢ is a constant,
By definitnon
LHS M, (1)=Efe""
RHS M, ()= Ele™) = LHS
“ Mg () = Ele™¥)
Property 2

The moment generating Tunction of the sum of a sumber of random varables s
equal to the product of their respective moment gonerating function,
My sy =My (DM (DM, (1) -M, (0
Proof
Mg s ohoniaa Wy Bl st

=Efe" £ .c6™ |

=E{e" |E[en]. E[e]
=ML(J}M].{:WII{IJ..HH,_Irj
Property 3 Eifect of change of angin and scale on MGFE.

Let us transform X to the new variable U by changing both the onigin and scale in

X i oW U= e

Moment generating function aboul LT about ongin is given by

X}
K/

n'.lr'- ﬁl_i"l
l' i i] E[r[i- -lrnl

£ 2 =8
-E[r*:"]=r"£[:"
)

it
M (t)= " M (1/h)
Where My(t) is the unFan.phml ot

.-'l-.

Hl.l!-r} = Hfﬂl = E[

- £




4.5.2 Limitations of Moment Generating Function
1. A random variable X may not have moments although iy moment generating

Sunction exists.
Consider o discrete random vanable X with probability density function is

fix)= _‘“‘r”ﬁ#x-:.li,.i._md O otherwise
- iy I
H“'?;”” ‘§ FETS]
-i I ul+l+l+l+
= (x4l) 23 45
n{]*—éq-!q-l-r-lnq- .-}.f

= 1R
Since ﬁzlr i divergent series, E(X) does nol exists and consequently no
o

moment of X exists how ever , the mgf of X is given by

E F
I
Myiti=y ' fixi=Y &
¥ ?-:-I 4 |z-l Wyt

\I.Hll. letz=¢'

Moyft)=

.zu. wx+ll 12 23 34



- s gt
w=fop (Jzh] =] | & =4 =
B J[:[+1+!+

=_1
Fy
i e R
=—log fI-ﬂ-[?[:+‘T+"?+"T+---]-I]
|

i

! &, 3
= ~log Hv.:l--[: i T+H-}+I

- T |

= ~lag H-LJ*-I-i'n:fl-'.l]*I

= ~lpg (1 J#—ﬁm‘i =z )+l \

.@ﬂm#ﬂﬁ{l

-|+[§- ].*n;-rl-'l-

= +[+-I-;--l}lutl L=¢' JoTs(e” ~1)lag 1-¢ Lt <0
L3

So that Mg(t) = 1 for vo0) , Hence My () exists For 110,

2. A random variable X can have momeni generating funciion along with some or all
moments, yel the bui m.g.f does not generate the moments,

Let considder o discrete random variable X wath probability functions

-l
PX =2 )o S fors =012, Then

Errw-z{r}nx 2 ;-E{z- _'_

E(X jug !
Hence ull the moments of X exists. The m.g.f of X, if it exists, iu:iumhy

H.;ﬁ':i#”“[ ]-.- Ef" L

2=
HD'WIHMWuﬁmmmmmﬁnrﬁﬂmddﬂmfm

t > 0, Hence My(t) cannot be differentiated ot t=0 and has no Maclunin's expansion and
consequently i1 does oL EEROEIE moIents. ——



3 A random variable X can have some or all moments, but m.g.f does not exisf except
perhaps at one poini.
Let consider X be a random vanable with probability function
<
HX=d2 = Ayl
(), otherwive
The distnbution bemng symmetnc, moments of odd arder about ongin vanish

18 g i= 0 =2 BIX™") = )

sralky ...

] g r.f [ 1‘ zr
Hﬂw‘.ﬂxa}EZIﬂ"lJ—ﬂl‘-!ZL ] =.I:|‘[1 =l |
v 2x! v xf

e —

Thus alf the moments of X exists. The m.g £ of X. if it exists. is given by

e Gl ey

il gl 2

Which s only convergent for t = (. Hence mog.f of X does not exasts at t=(),

Example 4.7 Let the random varishle X assume the value of r with probability law
PX =r=q"pr=1, 2 3 Find the moment generating function wnd hence find its mean
and vanance.
Solution

Myit) = Eie™)

-Er"ﬂl’x-ﬂ
fedl

=Ef" qul..l'l'

.Zrﬂ I'r.q lIIF

vl

P- FiF

=L¥ (ge')

=

2 ('

-qgtqe}

=@ wers. ]
=pell-g)’

T3



Menn EiX)= [%H. ml

Luipul B

dr di (1-ge')
= pir'ﬂ-iﬂ"’.l &
ot
« ple -1 -g¢) (g e e 1-ge) ]
- rh r" ]
- 4
Pla=edy "0=ee)

- p"'rh +"”‘|I'q'1]]
e

.,"F“H'“""]-p .,..ur'-qe'?}
T (1= gy

.
(1-ge)

d pe’ pp
EIE]-[—"H Hl'l - -
L X f=adX G=a@v

gy =4

P

E(:’}-[iTHI [rll

ol

e} 56255

=1 _.a.'i_.]
dr | (1-g')

d by
“ p[ @ -200-g¢'y V- 140 - ey ]
- P[z,.ﬂ,.*[l—w'r' +o' (1= ge') ‘]
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lFr IQI":1+ J,l]
Ll-ge) (l-ge)

-l [ 2e™ +e"i]—qz‘l]

T
3 i Ik
E{IJI-[%H.“}L F [qu- +¢ ﬂ-ﬂl!' J]

(1-ge")'

-p hj.L‘F]
L U-q)

gty
ti-gq) P
Ei'fh [lf;;t.'l

]

Var (X) = E (X)) - (BX))

(@+h) (1) g+l 1 g1t
= P _;_ A E g

=
Varix) =
ix) .FJ

Euaimpls 48 A randomn vididide X has probability fsnciico o ;;;E?-;;-:.u..... Find
Solution:

GIORARE S



-
2

45 -] -4l

"_ﬂ-l‘ i‘rL

|2-¢ |

Mean

E(X )= —u,m

L0 [{r-s}-f--*w} -f.:..xel_ % }
=& (2-¢) (=) | |(2-¢)
cnrfan] - 22| 2 L]

EfX )=2

Variance = EIX7 )-(E X 1)

|
El‘-f'i*[:?ﬂ.i”L

[il”:“l] [:l ;; 4,[2 Hj] [{:-.—*]ry:~u[1+¢'“4]]

=)
e x? J-{i:-ll,f jL {{1 #’} fh‘lulr'{! .‘]{4}1‘

(2-¢)
2= 2 )-ae(2-e) ()| fr2-1ema- uu] 244
| [1*,#] |_ (2= !
EfX" )=6

Varignce = EX° J—(E(X J) =6-({2F w6-4=2

6



Example 4.9 Find the m.g.f of the random variable X having p.d.f is defined us

x forOsxst
flx)={2-x for ]Sx52
0 otherwise

Solution:

- 1
M= Ir“ﬂ-:cjdr ﬂ-jli"' rdx-ri!" {2-x) dv
1 1]

= jn‘“ dx-rir'i‘-ﬂfﬂ'
0 i

- {EHEL S} {7]
AFHFHATHE)
+ [r:zp["m - _”[,n- ] [l‘I 41')[“,“‘J o | -I.l HH]H

(ol k5]

AN

r E R P 1 P
=£_1£+i=l-h'+zl't{""} [I :']]
T P 0 .



4.6 CUMULANTS

Cummlants generating function K(t) is defined as K7 )= log, M (1)
Provided the nght hand side can be exoanded as o convergent senes in power of ¢ or If the
logunthin of the m.g.f of a distribution can be expanded as a convergent series m powers
of t viz,

| r
i r t
l‘,nJnlr.;+i,5+k_.r§+---+l, E-r---nm:ﬂf,frl

¥ f: W i’ ¥
-h;[lﬂ;.lj **i;#: +--r+«l-:-}-;;, +]

Then the coefficients kj kz,.. . Are called the first, second cumulant of the distribution and
Kxit) is called the cumulative function.
Differentiating ¢ times both sides with respect w tand puttng t = 0 and we have

g Py
k, = *'i—,lﬂl-'d‘_xf” -.ir—n'ﬂu
| et w0 Ld

pal)

4.6.1  Properties of Cumulants
Property 1 : Additive Property
The " cumulant of the sum of the independent rondom variables is equal to the
sum of the ™ cumulants of the individual varisbles. Symbolically
RAXi 4 X Xt X kX X k(X 30+ +kriXn)
where Xi, 1=1.2, _n are independent random vanables.
Prool

Since X, i=1.2,. . n arc independent,
My XX 0ax, (F1=My (E)My (0IMy (th-My (1)
Taking logarithm of each sude
Ky aXyonooax (1o Ky (0)4 Ky (1)+Ky 1)+ Ky (1)

Differentisting with respect to 't' times and put 1= 0 we gel

[a* d’ d’ d"
KN X e ()] = =Ky )| 4| =Ky )| s =Ky
Lf#r ¥ L] 'n d-l_r ﬂ dlr 1 “n ﬂ_]" -

SEAX X X+ L Xk X R X R X (X

,1
=[



Property 2: Effect of change of Origin and scale on Cumulants

X ~-a

Let U = then

-
Muyir)= ¢ ™ Myitih)

Taking logarnthm ua both sides
—
logl Myt )] =logl e ™ My(1/h)

= @l

Kylthmbog Myt )= N +Kyttih)
1 i r
' . g~ s ¥ —af ) (rihit [t/ h)
kyr+ ks -'i-;-l-k] '_‘-i}"*’"'*"“r --*-H-I"--H‘-*-h +kyir/ h)+ka 5 e o a-

Where .t,,':ud k, are the ™ cumulants of U and X respectively. Compuring coelficients,
we get i!l = Eih__" Mfrr = i&-;r w23 .

Thus except the first comulant, all the cumulants are idependent of change of ongin,
Put the cumulants are aot invariant of change of scale as the ¢ cumulant of U is (1)
times the 1™ cumulant of the distribution of X.

4.7 CHARACTERISTIC FUNCTION
In some case moment gencrating function does not exists. The charsctenstic function
delined as
J'r’" fixh de for contimops probability diveribution
g (r)m Ee™ )=
3¢ pix) for discrete probubility distribution

4.7.1 Properties of characteristic function

Property 1
For all real 1, we have

M@ W= [dFty =)

() fg() s |=¢l)



Property 2
$ (t) is continuous everywhere, e, § (1) 5 continuous function of *t" in (-0,0),
Rather & (1) is uniformly continuous m 1.

Proul
- "

Fﬂrﬁ#ﬂlﬁi”#]’#““# l["""*' ~e" WF(x)|

-1 ilr"tr" --'I]Hﬂl'l-ill‘" -1 dF{x)

The last mtegral does not depend on “t". If it tends 10 zero as h = 0 then ¢, (1) i
uniformly continuous in ‘1’
Now |e™-1|<ie™+ 1| <141 =2

jlr’"‘ -—tldthis‘.‘.ildFLt'PE

Hence by Dominated convergence themem (D.CT) mking the limit mnside the
integral sign. —

lim| @y (1 + k)~ (1)) < !'ﬁ’ﬁ“ ~1|dF(x) =0

= ?ﬂ @+ hy=g (1),%t
- E

Henoe d(0) s uniformly contimsous in 1’

Property
P-1) and &, (1) are conjugate lunclions,
$(=1)= E[H.whm A is the complex conjugate of ‘o’
Proof
&) = Ee'™) = E [Cos1, + i Sint,|
#, (1) = E(Cos 1X ~i Sint X)
=ElCos -t) X +iSin(-1) X )
= Ble™ ) = ¢ (-0



Property 4
If the distribution function of a kv.s is symmetncal about zero, be if

| -Hx) = H-x)
= Fx) = fix) i_ e C#T
Proul

By the definition the §,(1) 15 real valued and even function of |

i.ll}'i-r""fl.ﬂd: put x=-¥

= j e " fl=y)dy

= j'r'“n-.vl-d!v -3y = fiy)

& h['l]
=2 &, (-1) 5 an even functon of ‘1

Property §
I X ix soume r.v with characteristic function ¢, (1) andu g "= FiX') exists.

A 4,1'*'
M, t?IETJ.mL

#r = jr“‘.f (xhdy

Prool

Differentiating (under the integral sign)'t’ times wr 10 1, we get

g’ I ;
ﬂ—'_-ﬁn-[ (1) € f(x)de
« [ e e fiats

-m’I o' " i)

il ;
fue -

] x r"ﬂ.th'-l[



“lﬂ'j x fixyde

= (Y B{x"y =7 p'
Henee
| & r
““H Co| =cirfpu
i E"' RLE ﬂ' (]
Property 6
s (1) = dy (€1) © 18 constant.
Property 7

If X; and X5 are independent random vanables, then,
# L ()= (1) gy (1)
Property 8 Effect of change of origin and scale on chancteristic Function,

if U-?..mnmgm.m

b= 4 (%)

In particular we take 5 = Eix) = pisay) and b = o, = o, then the charsctenstic
function of the stundard vanate.
=."."—E[Jf:|=.!'—,u

£
3, &

1s given by

@)= "1 o)
Example: Find the churactenstic function of the Poisson distnbution
Solution:

The probability mass function of a Poisson disiribution is

P

HX=x)= : x=0123....




1‘_ ",,1 P il &
x! x!

oxit)= Zr‘“ﬂ: =x)= Er‘"‘
vaf)

aghel fhe bl ot
_mwr hef ‘

A

l.'-;'*i" --Ll'l-nr ]

=

$xiti=e
]

Example 4.10 Find the charactesistic fanction of a pdf ﬂn-i;-c'““.-mu:
Solution Lot

Gylti= Ir‘" fixjady = I i —r""’ldt

o
--—J "Hdt-—[j ‘“r""”ﬁ+jr‘"r"”"dt]
f
J’,‘" "*dnjr“ﬂ*.t. -- j' "*H".m]g‘"““'.r.:
1.-1- 1
ﬂ-.."ll-njl iy T sl L i l“"'“ ¥ Fallol, o
2 o — +!' -E fa+i) __+[-fn--—irl]"
E- Fri--nrl.u f-r-uri—-m o A "..--r--un
'-EF[ fa+it) [fﬂ-l-ﬂ_l ] [ ~{a@—ir) -I':lﬁiﬂ]]
-EF.IJ-HHI- dx +i'-|n ql-h __ IJ.““ Y + II"'MI-.‘III ¥
.?__-‘ . HH-HJJ__‘ fa-it) ]
I".I'- "I_I-u'rh LA e Pl ALl
.?_[km+&]}*[ fa+i) ]] [-rn m] -«m-um]]




'%[[tmw] {"}] [{“} [ar:ul]]]-%ii-ﬂ1“!+'“if"]

-fﬂ'-l'l'l‘|‘lﬂ+ﬁ}]_ft_ a-it+a+i| of Ja la
| tasiia-it) | 2| ot ~(u) )| 2 (":_[ﬁ:n zl[g -;-u]

#,H}=[r.:—;rlj}

]
ba | &

Example 4.11 Show that the distribution which the characteristic function e has the

density function is _ﬂ':_l=~l— .
LV B

e o o R

Solution
1T 1T M
g 208 = ik o L =l
fix) h_l::“” it lit'_{: e ot
-%JE-HQ‘MH—FﬂfﬂH
& o
- i—_]:'“rtwn H-f-—z-l; Ir"“f sinex jdt

_kopead _Lﬂ —ry ‘Ltqr
Et!r fmuﬂ'—hgr ll'n:ﬂh,hﬂ—hlr (costx it

o r ol o
=—-z—jr” fons o dr -=—1r 'L-;-{-mn + TV xr)
Ina x| l+a



2.4 Binowial Distribation
Ielimitban

A v X which takes two valwes O and | with protrabilities g ond p esprctively, fe.
X = B s PUX =Ko i colled & Bernoalli variate und ity said have a Bernculli distribation.

If the ekperiment i repeated o-times independently with fwn possible oulcome then (hey
wir culled Bernoodli inads

An axpermmend comsistimg of o repeaied o nomber of Bemoulli oaifs 4 callesf Bomoull
Ex perimeil

Hinmial Experinent
A tinomiak ibstrdhonon can be wsed under e folhwang comdition:
(i) Ay 1l woidb s possihle culcoenes thil is ay (bl resull moa socoess ar fsiluse.
{1} The member of inals ois fnne and independem when o o amber of wial.
i) & prodabibiiy of seecess s B same (ndach mal e pis the constant

Erefinithon
A randoin vanable X o sakd v have o somial dietniboton F s paf s given by
ol PPg" 4 =002 n
i Jotleraiug
It i denoagdd by Bin, p), where o end p se peameters
Applications of Binomial Distribatbn
1. The quality comtnl messures mid sampling process i indisiries 0 classafy the tems
are ifelevibve or o defeciive,
2. Medical spplicuimiis o 3 siccess oo [adluse 'of 8 weigery and Gere ar non cuee of 8
petiend,
A Mdlinkry sppdication o5 s hin o gen o e o el
Derivation of nsexn psd variance of B (a, piz
By ke defimiison of nuthemaetical sxpeciaiion,

EiX)= tjﬂ.ﬂﬂt wml plg

FiX=x)= where g = 1-p

-mgu—ll‘,p"q' 3

=aplg+pi"’ by hinomial expansion)

onpil) Ggepel)
Mean = Bix) = pp i1
Varin) = Bix') - [Bixi’

Ein®jm g:’ﬂu

= flm. =1+ xjpind

ay



- Ex{x Iipix)+ E:pl.'l'l

= 3 (%~ D, ™™ + ap (From (1))

1wl

-0
-E.ﬁ 2C,.:p p g ap
i=ll _”

= i -lhn"j:" ~ 20,50 " g

snin—=1)pig+p) ™+ np
=nfn- Ljp +np
E(x") = ap (np + )
Var (x) = E(x%) - [E(n))°
= np { ap +q) - (ap)°
=w'p’ + npy - 0'p
Var (x) = npq
MGF and hence mean and variance

By the defintion of MGF,

M, (1) = E[e" |
= ic“;ﬂ.l]‘

el

- Eel‘f FI A=A

(=]

- :i:lffhfpi"rq"‘

=€, (pe' Fa* +nClpe' Vo' +on€ fpe F o
=" e fpe g 4t e ]

i



M, (0= fa+pe'
Differentiate with respect o1, we get

i”d'kn!qw#}“"r:’

Putt =0, iM.m =n{g+p)" " pe

Medn = np = ]

T:.'M‘“}‘mq*'lmll]q N'-F'-'I

Iﬂ’?{q‘-b Fq!r r III“

%M‘"’ - npfa+pe e +e'tn-Dfa+ pe 7 pe

—:M il =apll+(n~1)
o g = npil+ (0 = ip|

p+nip” —np’ =
v x ) = -l[p‘]!
=np+n'p’ —ap’ —(np)’

Var (x) = npy

Delinition of Moments

Moments aboil origin ,u.'in defined us the expectations of the powers of the r.v X, That i

py = E(x" ), Similarly, the central momentsabout mean i defined as pe = Blx-p).

A5



Recurrence relation for the central moments of o Bin, p)

By the definition 6! k™ arder central moment 1, is given by

My = E(x ~p)* = Elx - np)*

i
= Y (x—np)'aCp'y" "

il

=tk = ip) RO -
]

= gﬂﬂ'.ll ~np) p'(i-p)

Bilferentinte with respect o p. we pet

d ] 3 . & n 3
c#*'"‘ 'E“f-k-""-"']"{!"{ﬂ-lm".lﬂr =t = ) Y p - ) kG~ np) I.—n'-'}
paid

Alver simplification, we get,

1
{:-%:"—ﬂklnllJ +E|..l._|

Hisy = F{% ”‘“‘Ht-t] e (1)

Central moments of Bin, p)

Using the above recurrence relation we may compute the moments of higher order,
provided the moments of lower order, tht is g = land g, =0,

: dp
b *Fl{""l‘*;""“kﬂu-:]

Putk=1,

L1



,,JE,,{;;.,LW.,,]
= pifid+ n]
= npep. which 15 variance of X
Sy = Npg

Pulk = 2,
u;=pc{i#:+m.u|J
dp

= pc{%mpq}-r [}:|

= npyl1-2p)

Puk=3

By =r~{iu1+3m¢;]
"

d
= Py — | = 2p3] 4 3l }
P‘I{dplnﬂ Pl + ninpg)

d 2 )‘
= peg n=—p{l = pil-2pi+3n
P‘I{ dpp{ P p P
= npyil + 3pain - 2]

These are the first lour binomial centril momentx,

The frst four raw moments (or) moment about orlgin of Bin, )

By the definition of moments aboul origin p, = E(x')

a7



To find the first four raw moments:

Putr=1

o= E(x')

i
= 3 xpix)

t b

= sl p'y" "
Kl

-npf:ﬂ- IC.p g
=it
=np (qep)™”
b= p

Wy = By’

= inlp{u}

o i)

- it{!} = pix) + iu plx)

fE ] (e
=nn-bp’ Tn-20, p" " c0p
L Lk

= n (oD (g+m™ + np
Wy = npinp +q)

Wy = Ex')

- LA’

Nl



-i[:l;x I =2y Jnlx = 1)+ xlnl p g™

=l
= nlm = 1n- E}F'En -3 7" g #dnin- l}pzzﬂ-—l“_,‘p"lq' ‘emp
=0 =il

Wy = nin = 1jin = 2)p’ + 3n(n - Dp* + np
uy = Eix)
= ﬁl"'p{!ﬂ
wull

- i;m —IHX - 200x ~ 3)+ Bxix — X =20+ Txix 1)+ x] nC,pg" "

- }l:x:u- 1% ~2x -3l p'g" " +ﬁi:tn =1} =2mC.p"q" ™"

Rtk

+Ttnu ~tmC,p'q" " + in aC,p'q" "
R ]

!
= (e 1) (n-2) dn-3pp (peg)™ sbinine 1 n-20p (o)™ "+ Todn- 1 pipaag) ™ ap
Wy = ndn =100 = 200 =3p" + 6nin—Bin -2)p" +Toin-1p’ +op.

Additive property of Bin, p) or Reproductive property

Statement

If X~Bin,, p)and Y-~Biny, p), then X+Y ~Bin +n;, p) where X and Y are independent.

Proal

We know that, the MGEF of Bin, p) =ig+pe)"



/. The MGF of X ~Bin,, p) =(g+pe') .

Also the MGF of Y =Bin;, P} = (g + pe' )%,
We know that, If X and ¥ ure independent r.vs, then

My v ) = My ity M, ()
g e pe')t g v pe )™

llq:+p'l:1|.|+':

LTELY!

LMy )=ig+pe)
Which is the MGF of Bin, <ny, p)
SAKAY) = Binomaad distribution

Note

respectively,then X+ X+, +X; is ol o binomidl vierate with parameter (np+ng+., g, pl
Made of Binomial disteibution
Definition
The value of x a0 which p{x) obtins maximum is called maode of the distnbution,
Liet X be a binomial r.v. Then PONax)=px)=aC,p' ", x=0.1,2,..n
Themende of the binomdal distribution is defined by mg and it s given by
Pl Sp{mgl 2 pi mg+l)
Consider,

o1 spd mg)



‘fw tP‘ﬂ -1_‘i:l-h'r-|I =111 < M:mpnuqn-nﬂ

(n-mglmy! g,

(n—-m,+im,~ 11k P

M P
p=my+l 4

Mg pin+1) SCRLROARRRIT . I

Consicder,
Pimg) = pimg + 1)

BEL PN T ENC P g et

= (0 —m, -lj‘rim,;,-q-l'.l.'z!:l_
(n - g )my, ! q

my = 0p -y PP -

from (1) and (2)

np - S mes pin+l)

For checking:

whenn = 10, p=112 . q= 1%

4.5 < m<5.5,

Characteristic function pnd Cumulative function or cumulative genersting function

The charnctenatic function is defined



0, () = Efc" ]
Cumuilative geserating lunction is defined by
W, = bog M, (1)
Churacteristic functiom of Binp)

By the definition of charactenstic fenction,

@, (0=He™|

- i-l:""'p[:i

aull

= ie"' nl ptg" "

ymil
@, (1) = g +pe)"
1.5 Polsson distribution
= Simen Denis Poisaon
Definition

A random variable X s sakd to (ollow, the Poosson distribution of its probability mass
Function s given by,

=Y

PX = x) = pla) = = —— A0l

Here the & is the parameter aod 1o 0



Podsson distribution ay a Hmiting case of Binomial distribuation:

Poisson. distribution as a limiting case of Biomial disiribotion under the following
comwdition:

1) The mumbser of tnal o s infinitely large. ie,n —px,
1) The constant probability of success p ineach trail is vary small. ie, p —0
i)y mp = & is finite, where 4 is a positive real number.
Proof:
In the case of Binomial distribution the probability of & success is given by,
PX = x) = pix)=nCp'y" "

_nin-1jn ~z:.l..ln ={x =1} g

Patnp=4. p=&n

L
N [
e n

L -1 7 2 A A
=_nul-"{" I = 2. [n=(x H][i] {l_ij
x! n, "

.EE”‘ I n=-2 nﬂﬁ-”{'—i]‘[l-i]d
«Xnmn n n n n

(GG G B )

Taking limat n—# a0, we got



dm
£ A asfld.m
i

X = x)=px) =

which is the poifl of Polsson distribution
/. Potsson distribution i the lmiting cusé of hinomaal distribution,
Aliter

The MGE of B(n p) is

'Hq'[”'lll‘?"f"".r

Putop =i p=Ln

(1o20)

n

Tuking limit 1 -2 we get

e
A a2
x!

X =x)=pix)=

which is the MGF of Poisson distribution,
v Potsson distribution is- himiting cose of Binomaal distribution,

Meun and vartunce of Polsson distribution

Mewn, B = 5% pli)
=il



-5 £X

Wl al

= flﬂ-xﬂ_n--l
awa XA =T}

T S

puf (= j}"
=de e
SMean E(x) = &
Variance (1) = Bix') = [Bixf
E_.[;";.- it’ pix)
el

& s
e M B ) e
wadh 5!

-L_;Li L i';'k"

- e
=3 xi(x - 1) s +l§,_r. =

ot
B )= 27+
Var(x) = B(x') = [Brof
= LR I
Var(x) =4

JoMean & Viorianee = .



MGF and hence mean and varlance of Polsson distribution
By the definition of MGF,
M, (1) = E[e" |
- $e"ptx)

- E-L}‘J
- Ed“ —_—
| xl

M. (t] = g =0
L]

T Ml micain snd variance

By the property of MGF,
M, (1) =e™" Vi)
M,'uﬂ.," =" ") = A
H,,rmmi.
~,~M*'{;}w¢¢-'¢-""'""
M..u: i 1 +e”""‘.t']
M, (1], = AR+ 1] = A 4 A=y

56



. ] and
Var (x) =jiy= p, _(H }
=k -0

Murix)= &

S Mean = Vaoragee = 0
Revurrence formila lor the cential mamients of Uhe Pidssaa dhn'hllm

Fur Poisson distribution with parameterh; the recurrence formula i,

By -1[%_'4 r-u,..]

Proofl
By definition of * order central moment is given by
M, =Eix = p)
=Bix-k) (:Elx)= i)

. it: ~ &) pix)

LR ]
E-.l-il_!l
M o= i{x—l]" o B .
% ol !

Bifferenniate with respoct 1o A, we et

i 2 LR S SR R B

I.Eu:

:1%-]1,_1 e T

5



ud
=W, ":"-i";:‘*’h My

The central moments g, gz, g and pg:

The recurrence formula for central moments of Poisson distribution is,
p,.-lEI-E-L-t-J.r T STTRE AW |y
' da

Also, we know that, po = |
p= 0,

In order w got py, put e= |t (")

Sibly = L% + &,

= A%g +hx,

My =A-

In order to get g Put r= 2in (*),
(i
il m }.Tfh-l-ll'n iy

=31+ 2h()
Hy=2i

In order o get puPol r = Yin (*)



R
S
phy = R4

SomeE g =R, gy =k g = R+ 307 are the first four central moments,
The first four moments about orighn:

By the definition of " nrder w momenis,

url = E[x']
gy = B = E(x)

= il.p{l}
=

S E-J‘-l!-

- g-lul 1

=:-:I

e XX =1}

- -1
- _h_-'l E +—-—nj'.

| ln...l}ll
By =
Also, ,N']J = E{x")

]_I,J' = i.‘t] ;li:l:}

wodl]



hai
- z'[:[: I:|-+:|-~=-'l'—

wul}

-i:nn.-l} l':"lai-iaua By
al

[ ] 51
e =R
Alsi, |.|.1.r =E(x")

by --‘Eﬁn‘ pix)

-Enek

ﬂi.rl

= Zm: A = 2)+ 3nfa =1} + x]

1 - —Jl.'!-
e l E:‘ A

wall =l

= T six - lHx - 2}——~+f33;{a LR

Wi
m e 0N 4 3
By = A 3T R
Also iy = Eix®)
e = T pix)
andl

e L
_"' ik e
D




E_}'LI

- iluu-—lm: =3 x=3p4 5% = 1 =2+ Txi{x = 1)+ :.I—;I--
gl

ﬂ-j'j.‘ll E |
Kix =1 —2px -3 x—A)

= it:_ﬂ—lﬂ:—!ﬁu—!l
=y

T FE |
. e AR

i =[x =2

* E‘u o }:[:-I}u—mna,}}[

- i Bu - . .

Ak S
7 e
X E.:u.“l }H:—lj{u—lll+.§1a !
My =k 4824 700 4 R

Additive property:

The sum of independent Potsson vanaies 15 also a Poisson vanone,

e, Xi. Xz o X, are nindependent Poisson variates with parameter Ay, Az, . A Then
X+ X+ o+ X, is also o Poisson variate with parameter Ay + &g+, + L,

Prool:
We know that the MOGE of Posson distribation is,
M, (1) t-ﬂ'j'“.l‘ “bi
Also we know that,
My g e, (0= My OM00.M, (1)

ATy

g -1 'H:'J'" I

TR

My Ly ) et B A  bich s the MGF of X, + Xyt
TR s e

oot Xy weith-parameter



LXKy X L w X also Poikson variite,

Examples of 4 Polwson distribution (Real life Problems)

1, Number of printing mistakes ot ench page of a book.

2. The mumber of mad aecident reported 1na city per day
1. The number of death in o district due to rare disease.
4
5

. The number of defective articles in o pocket of 200
o The number of cars passang through a time interyval L

Theorem 1

H X and ¥ are two independent Poasson vartates with parameters Ay, hsthen the
conditional distribution of {X|X + ¥} is Binomial.

Prool
Civen X and Y are independent Poisson varistes with parameter 5 and A respectively.

e

SPX=m)= i T S TR

ks W )
.-.nv-n;-l—“f:ﬁ-.yﬂu. T S

AP+ ¥ =PX =mfX + Y =n)

~ PiX=mX+Y=n)
PiX+Y=n)

2 PiX=mY =n-m)
PiX <Y =n)

_PX=mP(Y=n-m)
PX+%Y =n)




S Kok Y are independent.

@ | P-j_ n—’-:ljﬂ =g
N m  (n-m)
l'-”"'lylh‘ ‘F"L:r

y " .
Multiply and divide b -
i v '}r[""‘fl"'""'-:]

e J“[ As ]"“
(- mptmll A+ ) Uiy +h,

i il it P T

Which ix the pmi of binomial distrrbution.

- 1f X and Y are two independent Poisson variate, then the condition probability of XX+ Y is
Binomaal.

Thewrem 2

If X is a Poisson variate with parameter 2 and conditional disttibution of v | x lollows
binomial with parumeters noand p, then the distribation of Y follows the Podsson distribution wath

parimeder Ap.
Prool
Given X is a Poisson variate with parameter L.

d T

RS o ,;_ﬂ.nF'_'_ﬂ:.r ,:|::t =12 .

For 4 Binomial distribution PIX = x)= plx)=nC p'g" =01 2, .n

63



Then we prove that ¥-Paisun {ip)
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which is the pmf of Poissan distrihaion with panmeter is ip
X ~Poisson (4] and ¥]X = Bin, pi, then ¥ - Pobison{2p,

Thieoren 1
WX and Y ure by isbependent Polsson vorates thon X-Y is oot o Poosson variane,
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Escumplie;

8 coans ore ossed at o tme, 256 tmes. Frwd the expected frequencies of success {getiing
i head) und vabulaie the resull obtained

Soluthon:

I J L
L RN e =gy = 5
r i | ;n B Rl

The probability of success r imes in o trals is given by " Cq” 'p' .

- Hr-’:l c-.l li|u I'ﬂl

Frequencies of 0, 1,2, 3, ., 8 successés are
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Fhiting i IMsissum Distribalion

Wien we-want w0 1 @ Poisace Debrbsesm 1o 8 given Eequency dintribution, firs
we have o Uil oo the arthometic mean of b given daie L, % = m when m s knorww the tther
valus com b fiosmd cat esily,
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e ELE L
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[E]
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FOEF CCar Blamlion, e amsperciel an @wy cone -0l the prodoction Bhe and number of defeon
Tt e ey rka] helou
S, ol Diefoctail ] 1 i i
Mool T OO 2 1 i
Fit a Foistos dismiwamion o the absove dass ond culoutaie the Freqoency of 0, 1. 2, 3 omd 3 defests.
_k_tﬂ-ﬂﬁ'i"]
Mol
Fitting Puisson disoributsms
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x 0 | 2 3
I 123 '59 4 3 1 2 =200
Ix 0 n ® 9 4 3 he=100
100
Mean = — (1,25
200
”-Fuh = HB'F
= 200 k05
=200 =6065=121.3
Conclusion of expected frequencies:
X Frequency N P{X=x)

NPy =1213

NP(O) = ? - 121,3% 5 = 60.65

=15.16

m GLeE5=S
HH'_IHE— 3

m_1516=5

mp(z].u.;. = 153

m SIS
NP(3jx—= =029
P 2 3 :

Tonal

0



o —

A.3 Normal Distribution or Guussian Distribution
A rundom vanable X is smid 1o follow a normal distribution if its pdf 15 given by,

=1
| B=uE j§

I .l —
flx)= 7 R — g Yo
ﬂj.'lﬂ'
- 00 <€ 90
gl

Here, fix) is a legitimate density function as the total area under the normal curve is unity.
To prove that total probability i one,

1 |
j Er @

ol p
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r r |
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F_I, rll'!n o
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fi(x) is 3 legitimate density function.
Mean and Variance IHHLNI’I

IFX ~ Nipo”), then E(X) = p and V(X) = o’.
Proof

E(X) -ll ((x)dx

f=)
el o dx

Put
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S X o X+ *(M=p=u
e
Mean = E(X) = p
To find variance,

E(X*)= i:"ﬂ:;d:
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AVariX)=a.
Standard Normal Variate or Standord Norman Distribution
If X follows normal distribution Nig, 6%),then :;"_:‘.ig a standard normal variate with

mean zero and variance one and 15 denoted by N0, 1).
The padf of standard normal vanste is given by,



MGF and Mean and Variance
M ()= Ee" |
-}e“ﬂlldt
- e ]
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Put

= dx =adr
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The coefficient of ﬁ-ptu:
S Mean = p,
The nﬂh‘hﬂlﬂ%ﬂn* st

Lty =0 b
i anld
S Nar(X )=, -[,n,]
=t + =t
AVarlX)=a

The first four Moments about Ovrigin
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The First Four Central Moments

We know thut, g, =1 g, =)

By the definition of central moments,
i, =EOX - )

ol =E(X 'H]J

- ih <) T dx
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Pal P =y =3 2di=dy

TR TR T &
e 4 pf =t

M =a’

M=y = 3 g+ 20, )

w3’ s u' =Moo'« )i 2t =0
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The r™ Central Moments of Normal Distribution

X is a normal variste then the all odd order cemtral moments does not exists, bt all
even order central moments exists.

Prool
By the definition of ™ order central moment
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M, BT iltﬂ-ijl.- “}
Case (i)
if ris an odd imu_ger.r:lnﬂi
From the equation (1),
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By = py=ps=..=0

Case (i)

If r is an even integer, r = 2n
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After simplification, we get,
p, =1357..(2n-N.o'n (3

whenn=Ly,=lo"" =a’

3 4
whenn=2u, =307 " =3a

and s o
The Recurrence relations of Central Moments
We consider the equation {2},

P r('ﬁl‘t
H -11' 2}
Putn = n-1, In = 2{n-1) = In-2
Also,

g |
e o)

a1 T 2

From the equations (2) and {4), we get,
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=iy, =(2n ~Do’ 1.
which is the recurrence relation of the even order central moment of normal distnibution.
Additive Property (or) Reproductive Property:
W X, .X,. X, ae o mdependent normal varisies with mesn g, o, .., and variance

n‘,z.r.r,!...,.ﬂ'." respectively.then iu,x,h also o nosmal varise with mr:-lin_-,u; nd
& ]

Pl

variance iﬂ.ﬂ.l~
H
Prool
The mgl of normal disimbution is,
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Which is the mgf of normal distribution with mean )_a, ¥, and varance ¥ aa, .
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